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PREFACE

Tae shortening of the time given to algebra in the secondary
school, together with the great extension of the elective system
and the consequent placing of mathematies in competition with
a score of new subjects, has made some modification of the
traditional college algebra absolutely necessary.

The first import&nt change 'has been to put the college alge-
bra upon a more elementary basis. Whether we like it or not,
wo are bound to recognize the fact that a large number of
freshmen come to us with a single year of algebra, and that
year so far in the past that it is of little help to the college
teacher.

The second change is one which the writer believes will in
the end prove to be of great advantage, not only to algebra,
but to mathematics in general. The college teacher has been
obliged to exert every effort to make his work of interest to
his students. To this end the subject has been made more
concrete, applications to the affairs of everyday life have been
emphasized, processes have been made more direct, and the
road to the mathematics of the sophomore year has been
shortened.

In the following pages I have tried to introduce enough
elementary material to meet the needs of students who have
had the minimum training of the secondary schools, and at
the same time I have tried to recognize the growth in mental
capacity that normally takes place between the first year of
the high school and the freshman year of the college. I have
tried to emphasize the immediately practical side of algebra
by drawing freely upon geometry, physics, the theory of in-
vestment, and other branches of pure and applied science for
illustrative examples. An amount of space greater than usual

v



V1 PREFACE

has been devoted to the study of the functions which occur
most frequently in practical work. At the same time I have
endeavored to arrange and classify this material in such man-
ner that the student may™acquire some skill in manipulation
—an accomplishment in which the average freshman is sadly
lacking.

Geometrical interpretations have been introduced at the
outset and have been emphasized wherever possible. Long
experience has convinced me that there is no better method
to make the student think of algebra in a concrete way.

I have not hesitated to omit a number of topics that are
ordinarily included in texthookson collegehilgebra. The alge-
braic solution of special types of equations belongs to the theory
of equations rather than to general algebra; partial fractions
can be taken up in connection with the integral calculus.

I have followed the same policy with respect to proofs of
important theorems where the proofs seemed to me to be be-
yond the average freshman. Many theorems of this class can
be taken up to better advantage at a later period.

It gives me great pleasure to acknowledge my indebtedness
to my colleagues, Professors L. W. Dowling, Arnold Dresden,
and H. T. Burgess, Dr. Florence Allen, Dr. T. M. Simpson, and
Dr. G. R. Clements, now of the U. 8. Naval Academy, for
valuable suggestions made while the book was in manusecript.
I am also under obligations to Professor E. R. Maurer and
to Professor L. R. Ingersoll for data for problems from their
respective fields.

ERNEST B. SKINNER.

Tae UNiversity oF WISCONSIN,

July 1, 1017,
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COLLEGE ALGEBRA

CHAPTER 1

INTRODUCTION

1. Positive Integers. Algebra, like arithmetic, deals with
numbers. The positive integers, or natural numbers, arise
through the operation of counting.

They are denoted by the symbols

1; 2’ 3) 4’ 5: 6} o

of arithmetic. When considered in their usual order they form
the so-called natural scale.*

The numbers of the natural scale may be represented geo-
metrically by points equally spaced on a straight line. Begin-

f i f i i f

Fe. 1.

ning with 1, which is placed at a convenient distance from an.
arbitrary starting point, the numbers are attached to the equally
spaced points proceeding toward the right as in Fig. 1.

2. The Number Zero. To the arbitrary starting point the
symbol 0, called zero, is attached. Zero is a new number to
be added to the scale. When numbers are used to denote

# The natural scale has three fundamental properties: (1) it begins with a
definite first symbol ; (2) it has no last symbol; (3) every symbol is followed
by a definite next symbol. The natural scale does not depend upon any
particular mode of geometric representation. See Fine’s College digebdra,
Chapter 1. ‘

R 1



2 COLLEGE ALGEBRA I, §2

quantity, as 3 pounds, or 7 feet, this new number denotes the
absence of quantity. As a number of the scale it is simply
the symbol that immediately precedes the symbol 1.

8. The Four Fundamental Operations. Upon the positive
integers the four fundamental operations, addition, subtraction,
maultiplication, and division, may be performed. Of these opera-
tions two, namely, addition and multiplication, may be per-
formed without introducing new numbers. Subtraction and
division may not always be performed, as will soon appear.

4. Subtraction and Negative Numbers. The subtraction
of 5 from 8 may be considered as the operation of finding the
fifth number before 8 in the scale. Without the addition of
new numbers, 5 cannot be subtracted from 3, for there is no
fifth number before 3 in the natural scale. ‘Neither could we
express a temperature of 2 degrees below zero. To make sub-
traction of integers possible in all cases, negative integers with
symbols

~1, -2, -8, —4,.
are introduced. These negative integers are so arranged that
— 1 goes before 0, — 2 before — 1, — 3 before — 2, and so on.
When the positive and the negative integers, and zero are ar-
ranged as indicated above and in § 1, they form the so-called
complete scale.*

The numbers of the complete scale are represented geometri-
4 3 2 1 ? r__ 2 3 1

Fie. 2.
cally by extending the line in Fig. 1, to the left, and attaching
the symbols — 1, — 2, — 3, and so on, to the points equidistant
from each other, starting from the zero point. The peints will

* The complete scale differs fro;n the natural scale in that it has no first
number. It does, however, possess the important property of the natural scale
that every symbol is followed by a definite next symbol. See ftn,, p. 1.



1, §6] INTRODUCTION 3

then appear as a set of equally spaced points extending in both
directions from the zero point. See Fig. 2.

6. Inequalities. Of two given integers of the complete
scale, we say that one is greater which is found farther to the
right in the geometric representation. Thus 7 is greater than
3, 0 is greater than — 1, — 3 is greater than — 5. The state-
ment that one number is greater than another is called an in-
equality; it is expressed symbolically by placing one of the
signs > or < between the two numbers, in such a way that the
opening is toward the greater number. Thus, the inequalities

7>8 —1<3 —5<—3

mean, respectively, 7 is greater than 3, — 1 is less than 3, — 5
is less than — 3.

6. Division and Fractions. With nothing but the numbers
of the complete scale available, division would be possible only
in case the divisor is contained an exact number of times in
the dividend. The difficulty is obviated by the introduction
of fractions. For example, the quotient of 5 by 3 is defined
as that number whose product by 3 is 5, and is written 5/3 or
4. Thus, we have by definition

5
5 X 3 =25. .
To represent 5/3 geometrically, each of the lengths 01, 12
2 3, . of Fig. 1 is divided into three equal parts, so that the
division points are three times as numerous as before. To the

I e A A A AU AU BRI AR |

Fia, 3.

first point to the right the symbol 1/8 is attached, to the second
2/8, and so on. The fifth point represents 5/3. Similarly,
points to the left represent successively — 1/3, — 2/3, and so
on. Figure 3 shows how this representation is accomplished.
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7. Reduction to a Common Denominator. Each interval
in the complete scale may be divided into any given number of
equal subintervals. If each interval be divided into 3 subin-
tervals, and in the same geometric representation the divisions
obtained by dividing each interval into 12 subintervals be
marked, it will be geometrically evident that

5__ 20

3712
The second fraction is obtained from the first by multiplying
numerator and denominator by 4, and the unit is now one
twelfth instead of one third.

Similarly, the fraction 7/4 which means 7 units, each one
fourth as long as the unit of the complete scale, may be ex-
pressed as 21/12.

Two fractions are said to be reduced to a common denomi-
nator when they are expressed in terms of the same unit. The
common denominator must be a multiple of the denominators
of both fractions. Any multiple will answer, but it is usually
better to use the least common muitiple.

Fractions having a common denominator are compared by
comparing their numerators. For example, we have

- §>g,since %>29

8. The System of Rational Numbers. The totality of all
quotients that can be formed by means of the numbers of the
complete scale (division by zero excepted)* constitutes the so-
called system of rational numbers. Inother words, the system
of rational numbers consists of all positive and negative in-
tegers, all positive and negative fractions, and zero.

Any number of the rational system bears a definite relation
to any second number of the system in the sense that it is
either greater than or less than the second. Geometrically,

* The reason for excluding division by zera will be explained later (§ 14).
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the first is represented by a point farther to the right or farther
to the left than the point which represents the second.*

In the rational system, the four fundamental operations, di-
vision by zero excepted, are always possible.

9. The Introduction of Literal Symbols. Formulas. Or-
dinary arithmetic deals principally with numbers which are
expressed in terms of the nine digits and zero. Algebra, on
the other hand, deals with numbers which are expressed, for
the most part, by means of letters. Numbers represented by
letters are combined by means of the same operations and under
the same laws as numbers of the rational system. In this way
algebraic formulas in which ordinary numbers may be substi-
tuted at any time for the letters, are obtained. For example,
a body moving with uniform velocity during time ¢ moves
through the distance d given by the formula d = t.

EXERCISES
1. The formula for simple interest is
I= Prt,
where P is the principal, » the rate, and ¢ the time expressed in years
Find the interest when P = $125, r = .06, and ¢t = 24,.

2. The distance traversed by a body moving freely from rest under a
uniform acceleration, is given by the formula
' 1
8= Eat’,

where s is the distance in feet, ¢ is the time in seconds, and ¢ is the accel-
eration in feet per second per second. Find s when ¢ = 5, and ¢ = 32.2.
8. If a freely moving body has an initial velocity of vy, the formula
for space moved over is
8= %az’i + vot.

Find s when ¢ = 5, a = 82.2, and v = 20.

* The rational system differs in two important particulars trom the com-
plete scale: (1) a given number is not followed by a definite next number;
(2) between any two numbers of the rational scale there is one, and conse-
quently, an indefinite number of other numbers.
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4. The formula for uniform acceleration is

V3 — 0

a=
P—

where v; and v, are the velocities at times ¢, and ;. Find the accelera-
tion when the velocities at the end of 3 seconds and 7 seconds are 96.6
ft./sec. and 225.4 ft. /sec., respectively.

8, The formula for compound amount is C' = P(1 + ¢)", where P is
the principal, ¢ the rate, and » the time in vears. Find the compound
amount of $500 for 3 years at 6 %.

6. The formula giving the sum to which an annual deposit of P dollars
drawing interest at rate i for n years will amount, is given by

A=pl+dm—1
)

Find the value of a man's savings if at the end of each year for five years
he deposits $ 100 in a savings bank paying 4 %.

7. According to the Newtonian law of gravitation, the formula for the
force exerted upon a unit mass by a mass m at distance r, is f= km/r%
‘What is the force exerted by the earth upon a unit mass at the surface, if
the mass of the earth be taken to be 614 x 10% grams, the distance to the
center 637 x 108 cm., and

1
b T x 10

10. The Three Fundamental Laws. The four fundamental
operations are carried out in accordance with three fundamental
laws, which are stated as follows:

1. The Commutative Law. The order of the terms of a sum,
or of the factors of a product, may be changed without affecting
the result. In symbols, we may write, for a sum and for a
produet, respectively,

@) a+b=0b+a;
@ ab = ba.
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II. The Associative Law. The terms of a sum, or the factors
of a product, may be grouped in any way we choose without chang-
ing the result. In symbols, we may write, for a sum and
for a product, respectively,

3) a+ (b+c)=(a+0d)+e;
1Y) a(bc) = (ab)e.

IT1. The Distributive Law. The product of one factor by
another which is the sum of two or more terms is the same as the
sum of the terms obtained by taking the products of the first factor
into each term of the second. In symbols,

(5) a(d + ¢)=ab + ac.

These laws, which are perfectly obvious for integers, and
even for fractions, apply without exception to all numbers
with which ordinary algebra deals.

The four fundamental operatious together with the three
fundamental laws constitute the rules of reckoning for algebra.

Many of the simpler problems in factoring are solved by
direct application of the distributive law in the form

ab + ac = a(db + ¢).
For example,
mnx — muy + mnz = ma(x — y + 2).
Again,
am — an + bm — bn =a(m — n)+ b(m — n)=(a + db)(m — n).

In this case the law is applied twice.

The distributive law does not hold for all the operations em-
ployed in algebra. For example, (a + b)? is not a® + b but is
a?+42ab + 0% One of the commonest mistakes is to apply
the distributive law in extraction of roots. The expression

-Va? 4 5* is not equal to a + b, as may be seen easily by substi.
tuting numbers for a and b.
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11. The Generalized Distributive Law. Applied twice, the
distributive law gives

(a+ b)(c + d) =(a + b)c +(a + b)d = ac + bc + ad 4-bd.
In a similar manner, it is easy to show that

(a+ d)(c+d)(e+ f)= ace +bece+ade+bde+acf+ bef+ adf+bdf.
The last produet is formed in accordance with the generalized
distributive law which applies to any number of parentheses
and which is stated as follows.

The product of any number of parentheses s equal to the sum
of all possible products that can be formed by taking one and only
one factor from each parenthesis.

By means of this law products of several factors may be
written down by inspection.

EXERCISES
1. Write out each of the following products.

(@) (a+b)(x+y+2). (@ (Va+Vb)(c+d+ e).
®) (x+ a)(z+ b)(x +¢). ) (¢+3)(b+c+2)(6+ k).
(c) (mn + pg)(rs + tu). ) (a+ bY@ —axy + 7).

2. Factor each of the following expressions, noting the applications of
the distributive law.

(a) ax — bay+ az. () 8328 —Ta24 8.

(b) axt +2bx® 4 cad (d) ax + bx + ay 4 by + az + ba.
(e) 22 — ax — bz + ab.
(f) ax + ay + az + bx + by + bz + cx + cy + cz.

8. Columns of figures may be added by beginning either at the top or
at the bottom. What law justifies this ?

4. Can you add a column consisting of twenty numbers by adding the
sum of the first eight numbers, the sum of the last six, and the sum of the
2emaining six ? What laws give the authority ?

6. Illustrate the associative law for multiplication by considering the
volume of a rectangular parallelopiped whose edges are 6, 7, and 10.
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6. Show how the distributive law may be interpreted geometrically by
considering the total area of two rectangles having a common altitude ¢
and with bases @ and b.

7. Show how the distributive law is used in finding the area of a trape-
zoid with altitude ¢ and parallel sides b and c.

8. How is the distributive law used in finding the area of a regular
polygon ?

9. Verify the results obtained in Exs. 1-2 by substituting numbers for
the letters.

12. Extension of Meaning of the Fundamental Operations.
In arithmetic the first definitions of addition, subtraction, mul-
tiplication, and division are given for positive integers. These
definitions have no meaning either for fractional or for nega-
tive numbers. For example, the product of 4 by 3is4 +4 44
where the multiplicand 4 is used 3 times. But the product of
4 by 2/3 caunot be interpreted in the same way.

1t becomes nccessary, therefore, to make new definitions
whenever new numbers are introduced. When the numbers to
be combined are fractions, the new definitions are given by the
following formulas.

) it 5 2 .9.-—- q_(..l_ﬂh bco
(6) For addition : st a=— S
(7) For subtraction: %_S— ad —be

b d bd
. iplication : & x & =2¢,
(8) For multiplication: 7 x b
IS 3 a. . c_ ﬂ.l.
(9) For division 5 A= Do

These formulas are merely the expressions in symbols of
the rules given in arithmetic for combining fractions. They
are assumed to hold for every kind of number that is used in
ordinary algebra.
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13. Operations with Negative Numbers and Zero. Leta
and b be any rational numbers, either integers or fractions.
The fundamental operations with negative numbers and zero
are defined by the following equations.

(10)  a+(—b)=a—0 (13)  ax (—b)=— ab.

(1)  a—(—h=a+b. (14) (— a) x (— b)=ab.

(12) a+0=a—0=a. (15) ax0=0.

(16) a+(—b)=(—a)+b=—%.

ko) (—a)+(—b)=§- (18) 0+a=0.
EXERCISES

1. Perform the indicated operations in each of the following exercises,
and check each result by substituting numbers for letters.

@ 1=~ v 1+1).
®) §x(— 9. @ (2424 ) (a3+2)
© (=5 ( ). () “’-"” =4.
@ (=) + % " = .
— .5)(— 1.25). Az |, 8%
b ¢ a (») L L
0 ——+-—L. mo e
g a+bdb ae-—0> '1+'l;
v :
W 2yt @ 1_%;
. b b
.y a+b a—b. -
@) c+dxc—d ™ 1+a-—b—'b
@?+2a+1 a?—1, N
D) de " oa @+ osrs
. x a4
@ (1+2)+(1-2 S VS G
( ") ( ”2) z a

2. Translate the formulas 6-18 of §§ 12 and 18 into ordinary language.
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14. Division by Zero not Defined. According to the defi-
nition of § 6 the division of one number a by another number
b is defined by the equation
(19) xb=a.

b

If the quotient a/b be denoted by g, the defining equation
takes the form a = ¢b.

If the divisor b is zero, the equation can have no meaning
unless a is zero also. 1n this case ¢ may have any value what-
ever. In either case we shall have to say for the present, at
least, that the quotient has no meaning when the divisor is zero.

15. Parentheses. In algebraic reductions it is frequently
necessary to operate with long and complicated expressions.
The removal of parentheses inclosing such expressions is
accomplished by means of the distributive law together with
the first four definitions in §13. The parentheses may be
removed one at a time. :

EXERCISES

1. Simplify each of the following expressions by removing all
parentheses.

@) a—[—(b—e)] (¢) 10—7[—8—2(16 + T)].
(b) —z—3ly—2(z+y)] (@ (e+b—c)(x—y+2).
(&) +D—2{(x+2)+3[(z+3)—4(x+ D
() b2 —bib+ cla(d — )+ b(c — @) + c(a— b) T}

N1-0-1-A-2)]}+=

2. Inclose the last three terms of 22 — 7y + 42 — 8 w in a parenthesis
preceded by the negative sign.

8. Inclose the second, third, and fifth terms of

3abc — 4 b2c + 7 a% + 18 bc? — Bac?

in a parenthesis preceded by the negative sign.

4. Fill out the parenthesis on the right side of the equality

2t +2a%% - bWi=at—( ).









CHAPTER 11

ALGEBRAIC IDENTITIES

16. Definitions. An algebraic identity is an equality be-
tween two algebraic expressions such that one member may
be transformed into the other by means of the rules of reckon-
ing (§ 10, Chap. I).

For example, the equality

(x—2)(x—3)=2*—b6x+6

is an identity since the left member may be changed into the form of the
right member by simple multiplication.

‘When numbers are substituted for the letters in an algebraic
expression the result is a numerical value of the expression.

The most important property of an algebraic identity is
given by the following principle, the truth of which is as-
sumed without proof.

If two expressions are identically equal, they are numerically
equal for every set of values of the letters for which the expres-
stons are both defined.

Thus, when z = 0 the identity given above reduces to 6 = 6; when
z =2, or z = 3, it reduces to 0 = 0.

A conditional equality, or a conditional equation, is an
equality such that the two members are not numerically equal
for every set of values of the letters for which they are both
defined.

For example, the conditional equality 22— 6« + 6 =0 is true for x = 2

and for = 3, but not for x =0, or forz = 1.
12
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Identities are frequently written with the ordinary sign of
equality. If, however, it is desired to emphasize the difference
between the identity and the conditional cquation, the sign =,
cousisting of three bars, is used for the identity.

ILLusTrATIVE Exampres. The equality

az"’-6z+_q=x——3
22 -2 x

is an identity, since the left member takes the same form as the right
member when both numerator and denominator are divided by z — 2.
The two members of the equality have the same numerical value for
every value of z, except z = 0 and x =2, the two values for which they
arc not both defined.
The equality
524 6_ 0
a2 — 22

is not an identity, but a conditional equation, since the numerical values
of the two numbers are not equal for any valuc of z except « = 3.
The equality
3x+4 y=1
is satisfied by an infinite number of sets of values of z and y. It is,
nevertheless, a conditional equality, since it is not satisfied by the system

of valnesz =2 and y = 1.
The equalities

(x=2)(x—8)=22—bHx +6,

a+b="5b-+a,
x(y + 2) =y + 2z,
a_c_ad+lo
vta= ba

are all identities.

‘The distinction between the identity and the conditional
equality is a fundamental one in mathematics. In the simpler
cases the test may be made either by means of the definition
or by the principle given on p. 12.
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All changes in the forms of algebraic expressions are effected
by means of identities; all statements of problems which require
the finding of definite values for an unknown are expressed in
terms of conditional equations.

The product of a coefficient and positive integral powers of
one or more variables may be called a simple term.

For example,

3a%P%, bax’y?, and 4axt,

are simple terms. In the second and third examples a may
be thought of either as one of the variables, or a part of the
coefficient. ,

The sum of several simple terms is called a polynomial.

Thus,
3atyt — 5 2%y2? + 14 a’y2e2
is a polynomial.

The degree of a term of a polynomial is the sum of the ex-
ponents of the variables. In the example just given, the
degrees of the terms are 6, 6, and 7, respectively.

The degree of a polynomial is the degree of the term, or
terms, of highest degree. The degree of a polynomial depends
upon the particular variables under consideration.

Thus, the degree of the polynomial given above is 7 if it is looked
upon as a polynomial in z, y, and 2z, while the degree inz and y is 6;
inrand z is5; iny and z is4. Finally, the degree in « is 8, in y is 4,
and in z is 2.

A rational fraction is the quotient of two polynomials. The
degree of a rational fraction is defined to be the degree of the
numerator diminished by the degree of the denominator.

For example, the degrees of the expressions

24+b6x+6 22452+ 6 and r—2
r+1 ‘47244 2+ Te+7
are 1, 0, and — 1, respectively.
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EXERCISES

1. Tell which of the following equalities are identities and which are
conditional equations.

22— Tx 412
it r g4,
(@) B2 ey

) i_l._=1+x+
-

2+12_ Tx
© z—38 x—8

ac’-—7x+]2_0
(@ — =0

22— T2 412

— =2,
@ posr

2
1—z

+z—4.

(nEXL. T2 o9

r—3 -3
2. Tell the degree in z of each of the following expressions.

(@) 62 — 622+ 14 2 — 16,
(b) a%x? — b6 + 17.

1

- - 2.
© Z+z

x—b
@D 51
(e) ax®+bx+c.
() 28—t

) @r™ + @™l 4 o @y
box* + bign1 + o + b,

3. Give the degrees in , in y, in 2z, and in the combinations of z, y
and 2, of the following expressions,

(a) 6 — 32y + 693 + 2. (¢) 223 +3y% + 428 —102y2.
®) Baca-—.7y3+l4z3. (d)3n:3+6acy_
r+y+z 2

4. What is the degree in z and y of the expression
-1
a (‘f)" +a (’—‘)" +o Oy ?
¥ Y
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17. Some Important Identities. The following identities,
which are used very frequently in making algebraic transfor-
mations, should be memorized.

The square of a first degree exwpression is expressed by the
formula

@ (x+al=a2+2ax + a?.

The product of the sum and the difference of two numbers is
expressed by the formula

@ @ +v)(@—v)=a — 9"

The product of two first degree expressions is expressed by
the formula

3) (x + a)(x + b)= a2+ (a + b)x + ab,
or, more generally,
Ba) (mx + a)(ne + b)= mnx? + (mb + na)x + abd.
The product
¢4 (@E-—y@+tay+y)=2 -9,
is important, as is also the product
6) @E+y)(e—xy+y)=a'+9°
These identities are easily verified by ‘performing the multipli-
cations indicated in the left members.
The formulas (2) and (4) are special cases of a more general
identity that may be written in the form
6) (@—)(@™?! + a2y + 2 8y2 + - + Y=o — y™
The fifth is a special case of the formula
M) @+ )@t — oty + - + (= Driynt)=an 4 yn

when 7 is an odd integer. The proof of (6) and (7) will be

postponed to a later section. (See Chap. XIV, § 129, Exs. 25,
26, and 27.)
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18. Rational Factors. The process of breaking up an ex-
pression into its factors depends essentially upon the recogni-
tion of the appropriate identity. Many of the most important
problems in factoring may be solved by direct reference to the
identities in § 17.

EXERCISES

1. Factor each of the following expressions.

(a) 2542 — 64, (f) 3 +7 x 3" + 6. (k) abr — b,

(b) a2bic?— 3. () (A+2)8—8aB, (1) Odadeyn_T2Qyn+326,
(c) x*+2 — 4, (h) 8ab — 72948, (m) 1000 ¢® — 8 b12c13,
(@) @+ (p—q)x~pyg. (@) 27+ 1. (n) 9 ainy?— 4 z2m.

(e) ay? =T a*y+ 6ad.  (j) a®—1. (0) 25 ath® — 16.

(p) #2 4 y'2. [HiNt. 212 =(2%)3and y'2 = (y)3.]

(@) =t + 2?%% + 94 [Ilint.  Add and subtract 2%2.]

(™) (m 4+ n)(m? — 22) —(m — ) (m2 — n?).

(s) a®—b®—2a2 + 2abl

(t) 3-8 — 622 4 122,

(u) 28+ 842 — 2. [Hinr, Complete the cube of x 4 1.]
2. Express the following as the products of first degree factors.

(a) be(d —¢)+ ca(c— a)+ ab(a —b).

() a*(b —c)+ b2(c— a) + c*(a — b)-

() (a—b)B+(b—c)+ (c—a)d

(d) 4 a2 —(a2— 0% + ¢2)2

(e) a3(b— ¢)+ b3(c ~ a)+ c3(a — b).

3. Prove that
l+b2+02—a2:(b+c_-l-__a)(b+c—a).
2 be 2 be
4. Prove that
1_b2+c“-—a2:(a—b+c)(a+b—-c).
2be 2be

6. Prove that

202 2 4 02 g2 2 L o2 — g2
-b-f(l+b +Zcbc “)(l—b +2cbc a)-’—_:s(s—a)(s-b)(s-—-c),

where s =(a + b + ¢)/2.
c
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19, Reduction of a Quadratic Expression to the Sum or

Difference of two Squares. Expressions of the form
22 + px + q, and aa? + bx + ¢,

are called quadratic expressions. Whether or not such an
expression can be resolved into the product of rational factors
may always be determined by reducing it to the sum or dif-
ference of two squares. The sum a? 4 pr differs from the
square of &+ p/2 by the term p?/4. If, therefore, p2/4 be
added to, and subtracted from, the first quadratic expression,
we have

® m=+pm+q—w2+pm+——<{—’- )

“(5)(5-)

If p2/4 > g, p?/4 — q is a positive number; hence it can be
written in the form

v (VE)
It follows that
(2 DV (E_ o)
® a"+m+q=(w+§>—(\/%—q>~

If, on the other hand, p2/4 < ¢, ¢ — p*/4 is positive, and the
identity may be written in the form

(10) wtpoto=(s+ L)+ (e-F),
or

2 = l? ? _2..‘)2-
(11) . +pw+q_(w+2>+(\)q v

To sum up the results, we may state the following theorem.

The quadratic expression x* 4 px + g may be expressed as the
sum or the difference of the squares of two real quantities accord-
tng as p*/4 < q or p*/4 > q.
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It follows directly that a quadratic expression can be re-
solved into rea! first degree factors only when p2/4 > q.

EXERCISES

1. Reduce each of the following expressions to the sum or difference
of two squares, and factor if possible.

(a) x2 —6x+ 8. (¢) 2+ 6+ 7. (e) 2 —Tx+ 28
(b) 22 —bx + 6. (@) 22+ 62+ 11, f) 2+ ax + b.
2. FKactor the expression 3 x2 — 52 + 6.

[(Hint. 3u2—52+6=3(a2—§z+2).]

20. Highest Common Factor., A common factor of two
numbers a and b is a factor that is contained in both numbers,
The largest common factor contained in both numbers is ealled
the highest common factor (H.C.F.) of the two numbers.
Thus, 2, 3, and 6 are common factors of 18 and 24, while 6 is
the H.C.F. Two numbers having no common factor except
unity are said to be prime to each other.

Similarly, two polynomials that have common factors, have
a common factor of highest degree. If we ignore mere
numerical factors, two polynomials have but one common
factor of highest degree. This common factor is called the
highest common factor. 1f the degree of the H.C.F. is zero,
t.e. if the H.C. F. is a mere numerical factor, the two polyno-
mials are said to be prime to each other. The polynomials
623 — 30224362 and 1523 — 105224 1502 have as H.C.F.
#(x — 2), while the polynomials 62° —30a24 36z and 2«2
— 12 410 are prime to each other. .

The highest common factor of two polynomials is the product
of all their prime factors (numerical factors excluded), each factor
being raised to the lowest power in which it occurs in either
polynomial. .

It is possible, therefore, to find by inspection the H. C. F. of
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two numbers or of two polynomials as soon as their prime
factors are known. The foregoing considerations apply with-
out change to three or more numbers, or to three or more
polynomials.

EXERCISES

1. Find the H. C. F. of the following.
(@) (z+ )z —y), (z—y)*(x+y).
) 2*—1,22—Tx+ 6, (x—1)3
(©) (a—0b)4 at— 2422+ b, a® — a2 — al? + b3,
2. Reduce the following fractions to lowest terms.
2 32 41 g2h2 4 Bt
O ey O Tieres  © “~%"~_9-~,,;* =
()}?ﬁf(l_:_f)_ @ ¥ +8x24+ 3242 00 _a—=b__

(®+y3— P —2a— 25 -8 Qs Vs

21, Lowest Common Multiple. A number which is divisible
by each of several given numbers is called & common multiple
of those nunbers. If it is the least of such numbers, it is
called the lowest common multiple (L. C. M.).

Similarly, the L.C.M. of two or more polynomials is that
polynomial of lowest degree among all the polynomials which
are divisible by the given polynomials.

The L. C. M. of several polynomials is the product of all the dij-
Jerent prime factors (numerical factors included) of all the poly-
nomials, each factor raised to the highest power in which it occurs
in any one of the polynomials. We are thus enabled to find the
L. C. M. by inspection when the numbers or the polynomials are
broken up into their prime factors.

EXERCISES
1, Find the L. C. M. of the expressions
x—1, (x—2)(x —1)2 (z—1)2(z —2)%
SorurioN. The prime factors occurring are x — 1 and z — 2, and the

highest power to which each occurs is the second, consequently the L,C. M,
is (x - 1)3(z— 202,
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2. In each of the following cases, find the L.C.M. of the given
expressions.

(a) 42 —1,1622 -1, 1622 — 8z 4 1.

@) @+ )@~ y), (r —y)(2® + y).

(c) o3 + 22 + , 2% — a3, @8 — g3,

() 22+ 9° &% — % ot + a%2 + ot

8. The earliest application of the lowest common multiple is found in
the reduction of fractions to equivalent fractions with the lowest common
denominator.

Perform the operations indicated on the following fractions.

1 1 _ Ga .
(@) 3a—~b60 Ja+4b6b 9az—-25n2

®)

a b c
G—oyc—a) (c—a)a—t) T @G-

4. Prove that the L. C. M. of two numbers is equal to their product
divided by their 1. C. F.

MISCELLANEOUS EXERCISES

1. Add the fractions }, §, }, I, first by using the least common de-
nominator, and then by using the common denominator 144. Compare
the form of the results.

2. Add the fractions

b a c .
ax + ab’ 2t — 02" br—ab

8. Add —™ Y anq LEm,
y(x—y) my—zx) my

2 r+1 . .
4. Reduce ————= x to its lowest terms,
®?24+2r4+1 x—4
22—6xr+8 a2—bax+4+06 22—Tx412

8. Reduce 290 22— 92 + 20 (> — 2)2

to its lowest
terms.

6. If M and N are two polynomials having & common factor, and the
degree of N is less than that of M, prove that the remainder after dividing
M by N is divisible by the common factor.

[Hivr, M/N=Q+ R/Ngives M= NQ + R.]



CHAPTER III

POWERS AND ROOTS

22, Integral Powers. The expression a is called the nth
power of a. When » is a positive integer, a* is defined to
mean the product of » factors each equal to a. Thus, ¢®is a
short way of writing the product «-«-.«a. The number a is
called a base and the number n an exponent. For the present,
powers whose exponents are negative numbers, fractions, or
zero, have no meaning.

For powers with positive integral exponents, five theorems,
called the fundamental laws for exponents, may be demon-
strated. ‘

I ama™ = qm+n,

This law is known as the index law.

II. a™ =+ a™ =am™ ", (in>n).
IIL. (a™)™ = amn.
IV. (ab)” = a™b™.
V. a\n __ar,
(b ) bn
EXEkCISES

1. Demonstrate each of the five fundamental laws.
2. Translate each of the above formulas into words.
8. Prove that ((am)n)r = gmrr,
4. Prove that (abc)» = anbncn.

22
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5. Perform the indicated operations in each of the following exercises,
and put results in their simplest formns.

a) (—2x)5, 2(8 S PP L 4 3n2
Ebi -(—(6 ng)l"z)". W 5(2 a?b8¢* + ga*b‘cﬂ) + 4 a?bc.
© (: _af)*' (g) TB—yi=—n x gtnyttn,

38 ) (x+y—2)° x(x+y—2)%
@ LX =L, () Eou, (Er
@) +(2)? (+y)¢  (z—p)
(e) (233 (J) (a® —3a®b)x (ad + 2 ad?).

23. Zero Exponents. To find a meaning for a% we assume
that the index law holds for all exponents. Consequently,

ara® = a0 =q".
But the only multiplier that leaves a number unchanged is 1.

Therefore
@ a’=1 (a=0).

24. Negative Exponents. Again, assuming the index law
to hold whatever a" may mean,

aa " =a'=1.
Consequently, division of both sides by a" gives
e . 1

@) ar=oy

Two numbers whose product is unity are called reciprocals.
According to this definition e is the reciprocal of a" and vice
versa. On account of (2) a number which is a factor of one
term of a fraction may be removed to the other side of the line
if the sign of its exponent be changed. Thus,

52.6 50 6_1 6_ 6 |
17 17 52 17 52.17

Il

Similarly,
@+ ) _2+
B a2
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25. Fractional Exponents. The meaning of a power with
a fractional exponent is determined by means similar to those
employed in finding meanings for powers with zero and nega-
tive exponents. Assuming fractional powers to be detined in
such manner that the index law holds, we would have, for

example, ‘
ai X (lg X a* - a§+%+§'= a2,

From this it is seen that 8 is one of three equal factors of a?.
But one of three equal factors of a number is the cube root
of the number. Therefore,

a3 =~/ ar

For the general case,

m o m m,
an - an « to n factors = a»

m
B8 T term:
n+ to n terms a"‘;

that is,
6) am/n =3/ gm.

Meanings * have been found for powers with zero, negative,
and fractional exponents by assuming that they follow a single
one of the five fundamental laws for positive integral expc-
nents, namely, the index luw. If only positive bases are con-
sidered, it is possible to prove that all powers with rational
exponents follow the remaining four laws. However, in order
to save space, we shall assume without proof the following
fundamental principle.

Powers of positivet bases with zero, negative, and fractional
exponents obey the five fundamental laws for powers with positive
integral exponents.

* The student should be careful to note that.the meanings for zero, nega-

tive, and fractional exponents are essentially definitions siuce they are based
upon the unproved assumption that the index law holds.

1 All the laws except IV hold for negative, as well as for positive, bases.
For the present it is sufficient to note that [(—2)(— 8)]1/? is not equal to
(— 2)V%(~ 3)V2,  This exceptional case will be considered in § 33.
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TuroreMm. The nth root of the mth power of a positive num-
ber is numerically equal to the mth power of the nth root of the
number.

Proor. It is necessary to prove that Vam = (Va)™. Since
all powers of positive nuinbers with ratjional exponents obey
the same laws,

aF =" = (@) = (V)"
if @ > 0. But by definition, a™/ =</a"; therefore, if a > 0,
Vay =@
since both are equal to ™/,
In simplifying expressions containing exporents, it is prac-

tically always simpler to apply the laws first, and to insert
the meanings in terms of radicals afterwards.

EXERCISES

1. Free. each of the following expressions from zero and negative ex-
ponents

(t) —‘b (b) 32ady—. (¢) bx~2y-4.
%"2/311 2/8 x—2/3 - Y
@) ~ “+d— (e) a2 — 273" ) @y

2. Perform the following indicated multiplications, and express each
answer in terms of powers with positive exponents,

(@) a%b=2 x aV3~25, (D) — RuS/Oy3 x 2ab/OyN/2. (&) 3-8 x 6-%xf,
(@) (a2 4 z-2)(aV? —z72). (€) (aV/2+ &7'/%) (12— V%),
(N (@t +a3+at)(a?— a).
(9) (Wy=3/4 4 22y~Y2 4 ay~ V4 + o) (ay~ V4 — o).

3. Perform the indicated divisions and express each result with posi-
tive exponents.
(e Tt 36at
345 6ct
(@) (@2 —yV/2)+ (D + yVh). () =y (e + gV,

(@) Ta34y%8 + 2 =0y, () xyr + xm/nyp/a.
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4. Perform the operations indicated and express each result with posi-
tive exponents.
@ [C=2)? =2~ 2)][2— ) +(2—2)]
@) (et =y (xrt—y7).
(¢) (628/5 —Tx~2/5— 1327V/5 4 8) +(22~V5 4 3).
6. Find numerical values of each of the following expressions to three
decimal places.
(a) 16912 (V) b122/8, (¢) (.04)372.
(@) (.0025)%4 () (.16)% —(13433). (f) (.0625)-,
6. Prove that (ab)—m = g—mp—m.
7. Find the numerical value of 24? — 6« 4 16 when x = 2 + 3(2V/2),
and also when z =2 — 8(2)V/2, Compare the results.
8. Prove that (a—™)—" = amn,
9. Prove that (abc)—™ = g—mb—mc—m,
10. Prove that @'/¢ < at/% = qr/*~t/v,
[Hint. Find a common base’ with integral exponents by reducing the
fractional exponents to a common denominator. ]

11. Prove that (a'/*)t = am/s.

26. Radicals. An expression of the form a+/d, where b is
not a perfect nth power, is called a radical. The number under
the radical sign is called the base, or the radicand ; n is called
the index, and a is called the coefficient, of the radical. For
the present, it will be assumed that & is a positive rational
number, and that /b has a single real positive value which,
alone, will be considered. Numbers so defined belong to a
very important class of numbers known as irrational numbers.*

* The irrational numbers constitute an entirely new class for which the
fundamental operations must be defined anew. The fact that numbers like
V2 and V5 do not belong to the system of rational numbers was known to
the ancient Greek geometers. Their proof was substantially as follows:
Suppose, for example, that V2= z/y, where z and y arc integers that have
no common factor. Then 2y2 =22, and 22 must contain the factor 2. Since
it is a square, 2 must contain the factor 4, and therefore x must contain the
factor 2. Consequently y2 contains the factor 2, and so the factor 4. But if
v? contains the factor 4, y contains the factor 2, and ¥ and y have a common
factor, which is contrary to the hypothesis. Therefore, since V2 cannot be
the quotient of two integers, it is not a number of the rational system.
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The system of rational numbers (§ 9, Chap. I) together with
all the irrational numbers forin the system of real numbers.
Any number of the real system may be represented geometri-
cally by a point of a straight line in which any arbitrary
point is taken as the origin.

Clearly, all statements involving radicals may be translated
into the language of fractional exponents, and wvice versa, so
that the theory of radicals is practically already known.

27. Reduction of Radicals to Other Forms. The following
four reductions are frequently employed in working with
radicals.

1. Reduction to an equivalent radical with coefficient unity.
To perform this reduction it is only necessary to note that

@ =/a" = (@i
As a particular example,
3VD = (31,
whence by IV, § 22,
3\/5 — (32)1/251/2 — (32 . 5)1/2 — \/32—,5_

2. Reduction to an equivalent radical with the same index, but
with smaller radicand.

This reduction is the reverse of the preceding one, and can
be performed only when the radicand contains a power whose
exponent is equil to the index of the radical. TFor example,

V03 =V3 T = (32)'/271/2 = 3V/7.
3. Reduction to an equivalent radical with smaller index.
For example,

V5 = (25)/° = (25V/2) V3,
by III, § 22. Consequently,
V25 = (5)8 =/5.
Query. Under what circumstances is this reduction pos-
sible ?
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4. Reduction of a radical with a fractional radicand to an-
other with an integral radicand.
For example, by V, § 22,

\3/3_ 3/3”752:(3 . 52)1/3_— (3 . 52)1/3 - 3/-“75'

5 53 5 5 5

This reduction is always possible.

A radical with index n is said to be in its simplest form
when, (1) no factor of the radicand is a perfect nth power,
(2) the radicand is an integer, (3) the index is as small as
possible.

EXERCISES

1. Reduce cach of the following expressions to a radical with unit
coefficient.

(a) V7. () 2V5. (&) (x—a)V(or+ a)?
(v) 8V2. (@) (e¢+b)Ve. (f) (x—a)Val.

2. Reduce each of the following expressions to a radical with its
radicand as small as possible.

(a) V72. (d) V0B (9) Vax* 2 arytay.
(b) Vvbhiz, (e) Vbe. (h) Var+an,
(c) V6T ) vasbt, @) Va +1db.

3. Reduce each of the following expressions to a radical with a smaller
index.

(a) V3. () Van. () VETE
(b) VIZ. (@ V. (f) V256 .

4. Reduce the following to radicals with integral radicands.

@ VE O % @ @OJT @ vITE (1) EL,

8. Reduce each of the following expressions to its simplest form.

4 210
(a) V26a? 12832 (c) 2‘-,;%8—- (¢) VIETEFIZH,

_ 1 8 5714
) 7 (d) \/1_.:’;_ (f) V125 4+1000.
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28. The Fundamental Operations upon Radicals. Two
radicals of the form a¥/b arc said to be similar if they have the
same index and the same radicand. Thus, 3v5 and 10V5 are
similar, as are 5v/7 and 19v/7. On the other hand, 3v/5 and
3V/6 are not similar.

Only radicals that are similar, or that can be made similar
by means of the reductions of § 27, can be added or subtracted
in the sense that they can Le eombined into a single radieal.
The addition or subtraction of dissimilar radicals can only be
indicated by the proper sign. HHence the rule is as follows.

To add or subtract radicals, reduce all of them to thetr simplest
Jorms, collect those that are similar, and connect those that are
dissimilar by the appropriate sign.

Tn order to multiply or divide one radical by another it is
only neecessary to change each radical into the corresponding
fractional power. Practice will suggest many short euts.  For
example, V5 x V7 = b2 TV =(35)¥2 =+/35. Clearly, in the
general case the product Ve x Vb can be written in the form
Vab. Again,

VB X VT =512 TV = 596 6 = (5 . 790 = /6125,

EXERCISES

1. Perform the opcrations indicated in each of the following exercises.

(@) VB0 + VI8 — VIZE. () vb=VIT.

(0) ViiZabiz + Vbzaids. (k) (2 -+ V3)

(©) Vi+Vi-}vi ) @+VIHE-vI.

(@ V9 + Vs (m) (Va+Vi)(Va—vb).

(&) ¥Varmh —Vbim, ) (Va+vVb)(Va —Vb).

N VB x Vii. 0) (a—Vb)(a+ aVb+ Vb).
() VB x V1i. (p) (Va+Vb) (Vai—Vab+ Vi?).
() VB x VIL @ (a+VB) (@ —aVh+ViR).

W) VB VIL (") (Va—Vb)(Va? +Vab + VD).
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2. Frame a rule for multiplying radicals having the same index with-
out changing to fractional exponents.

3. Prove that the math root of a number may be found by first ex-
tracting the wth root and then the nth root of the result. Show that the
order of root cxtractions can be reversed.

4. Prove that when a + Vb is substituted for % in the quadratic ex-
pression dz? 4- Br -+ C, the result may be written in the form P 4 Qv’TA.
and when a — Vb is substituted the result has the form P — QVb.

29. Radicals in the Denominator. Radicals occurring in
the denominator of an expression are frequently a great hin-
drance to rapid numerical computation. 1f the radicals are
parts of monomial expressions, they may be removed from the
denominator by the fourth reduction of § 27. It the denomi-
nator is a binomial containing only square roots, the radicals
will disappear from it when numerator and denominator are
multiplied by a radical obtaived from the denominator by
changing the sign of one term.  For example,

B 8@ _6=BVE ¢ e m
24V3 CH+VHEC—vVv3 4-3
1f the denominator is of the form
aVb + eVd -+ eV,
the number of radicals may be reduced to one by using as a
multiplier any one of the radical expressions
aVvb + eVd — eV,
avb —cVd + eV, or —aVvVb+cVd+ eVy.
The two radical expressions
a+bve and o — bVe,

which differ only in the sign of the radical part, are called
conjugate radicals.
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EXERCISES
1. Reduce to equivalent radicals with rational denominators.
1 - . 6
@ — ) —
@ 2—V3 v V3+VE+ VT
m 2. @ ———.
V2 4 V3 V6 +Vb— V1T
© _'1_:«_‘ - [Hixr. Compare with Ex. 1 (0), p. 29.]
2 -6
@ L. (ny YrEl=VeoT
2+ V3 Ve+1+ve—1
a2 2 42— 22
(o) 3 _. () Va? 47t —Va a:
V34 V5 Va2 +Va? = 22
2. Reduce

*+3
©+ 2V = ba 6
are Xi and X,?
3. Reduce the expression
346V -5e+0
x+2
to an equivalent expression with a rational numerator.

30. Approximate Rational Values for Radicals. So far, a
radical like V2 is merely a symbol for a number whose square
is 2. It cannot be expressed as a rational number (ftn., § 26),
and, for that reason, cannot be utilized directly in operations
involving measurement. For example, a carpenter could not
cut a board whose length is to be 10v2 fect without a prelim-
inary computation, and even then he would secure only a
rough approximation.

The ordinary process for extracting the square root of 2
leads to a suceession of numbers,

(10) 1, 1.4, 141, 1414, 1.4142, 141421, ...

each of which is a closer approximation to V2 than the pre-
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ceding number. To see that this is true, it is only necessary
to write the series of inequalities

1. <V2<2

14 <VZ<15.
141 <V2< 142
1411 <V2 < 1.415.
14142 < V2 < 1.4143.

The square of every number on the left is less than 2, while
the square of every number on the right is greater than 2.
Moreover, the differences between the right-hand and the left-
hand number in the successive inequalities are 1, .1, .01, .001,
.0001, ... It follows, therefore, that

V2-1<1, VZ-14<.1, V2—-141<.01,....

In other words, each successive rational number of (10) is a
better approximation to V2 than the preceding number.

A succession of numbers like (10), cach of which is derived
from the preceding number by a definite law, is called a
sequence.

The irrational numbers are brought into working relation
with rational numbers (which alone can be used in measure-
ment) by the following fundamental principle.

Corresponding to every irrational number there exvists a se-
quence of rational numbers such that numbers of the sequence may
be found which differ from the irrational number by an amount
as small us we please.

31. Tables of Square and Cube Roots. In finding rational
approximations for expressions containing radicals, much labor
may be saved by the use of tables. By means of the table
on p. 254, squares, cubes, square roots, and cube roots to the
third decimal place may be found directly for all numbers
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from 1 to 100, and by interpolating, the tables may be used
for numbers up to 1000,

A1l radical expressions should be brought into the most
convenient form before the tables are used. For example, to
find an approximate rational value for 1/(4 ++/13), the ex-
pression should first be reduced by the method of § 29 to the
form (4 —+/13)/3, thus avoiding the laborious division that
must be carried out if the tables are used before the reduction.

EXERCISES

1. Find the value to the third decimal place of ewch of the following
expressions.

) VEI5. 2. S A—
Ez,; VETE. © s 0 ViTE — Vi5 s
(0) \/@r,—_‘- ) — 3 . (h) V384.2
(d) VBI50. 14 — V29 () ——t .

\/7:“, " Lbé;‘g,
2. The time in seconds in which a body falls freely fronfL 18 gl\\/‘_‘:'g
by the formula N ’
t = \/ 2_“': - "','lmb
P ‘

ol
where g = 32.2. Find the time to the nearest tenth of a jnd require

for a body to fall 100 feet. ‘ )
3. The time in scconds of one swing of a po’:ndu]umfzi"en approxi-
mately by the formula a
T= r« 2 s
g

. - 39 ind the
where I is the length of the pendulum in feet, am)j "2‘2'f Flf:i)ﬂ(;
time of the beat of a pendulum 2 feet long, to withj tenth of a sec N

+70i eir
4. The flow in cubic feet per second of \\'amrf a trapezoidal wei
is given by the formula
g = 3.3 Ln3"2,

N g in feet
where L is the length of the weir in feet, and & acad Of. 11";'1“:; 1over a
on the weir. How many cubic fect of water pe cond W 1: Zir?
weir 30 feet long and with a head of two feet offter on the W
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6. The rate at which a principal P will amount to § when interest is
compounded annually for n years is

n
i= \/ S_1.
r
What is the rate when %535 placed at compound interest for 6 years
amounts to §696.71 ?
6. When interest is compounded m times a year the nominal rate j
corresponding to the effective rate ¢ is given by the formula
1
i=mi(l4+)m—1%
What is the nominal rate corresponding to 4 ¢ (=.04) when interest is
compounded quarterly ?
7. The amount 4 due a man who deposits P dollars every quarter for
n years in a savings bank paying interest at rate i is

14+ —1
A= pu( Ty .
1+t

- uthhat e t\hc amount of the savings of a man who deposits $50 each

better a’teTs vears, if the bank pays 4 %

A - : :

8 _G' !iractions by which a carpenter can cut a board of length
24+Vif

82. Fl.pental Theorem concerning Radicals. JIf
at+Vh= Vi, where a, b, @, and y are rational and Vb and
Ve are i, @ al, then a =0 and & = y.

Proor. oy 4 s transposed to the left member, the
equality
a+Vb=z+Vy,
becomes

Sguaring both s 4nd transposing the rational parts to the
right member, wiy,

2L.- w)\/i):y—— b ——(l] —av)z.

From this equatior; jg clear that @ — 2 must be zero. Other-
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wise, the irrational number 2(a — )V is equal to a rational

number. But if a— x=0, then a ==; and from the right

member y —b =0, or y =b. Q.E.D.
CoroLuARY. If P+ VR =0,then P=0and R=0

33. Imaginary Numbers. A simple radical like Va is
squared by removing the radical sign. Thus (V5)2=5. Simi-
larly, (V=35)*=-—5. In the second example it is seen that
V=5 is a number whose square is negative. Hence it can-
not be cither a positive or a negative number in the ordinary
sense, since the squares of both positive and negative numbers
are positive.

A number whose square is negative is called an imaginary
number, or more accurately, a pure imaginary number. A
number whose square is positive, or zero, is a real number.
The sum of a real and a pure imaginary number is called a
complex number. Thus, 5, — V5, 2 + V5 are real numbers,
V=5, V=1 are pure imaginary numbers, while 2 4+ v-= 5,
2 —v/ =5 are complex numbers.  All such numbers constitute
the complex number system which includes the real as well as
the pure imaginary nwmbers.

Computation with imaginary numbers is like computation
with real numbers with a single important exception, namely,
the product of two pure tmaginary numbers both of whick are
preceded by the positive sign (s @ negative wwmber. Ior example,

V—=5xV—T=—/35.
Similarly,
(—V=0)xV=T=V—=5X(—V="T)=+V35.
This apparent difference is casily explained by going back to

fractional exponents. Thus,

V=B x V=T =[5 x(— )] X [T x (— D]
= B3 (— LYV TV — 1)V 2=35 [ (— 1)V = — 351 2
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More generally, if the bases are negative,
(_ a)l/2(__ b)’/’” = al/?.bl/?(__ 1)1/2(_ 1)1/2
=(ab)V/¥(— 1) = — (ab)¥>.

This is an illustration of the exceptional case pointed out in
the footnote in § 25.

In elementary problems the occurrence of imaginaries de-
notes impossibility. (See §§ 65 and 77.) |

EXERCISES

1. Perform the operations indicated in the following.

(@) V=3 xV=T1. (¢) (B+2V=2)8

() —VZ2xV=5. (N (G+V=5)8—-V=5).
(¢) 8V=b x1vV-T. ' () V=208 +2VZ0).
(@) (B+2vV=2) (h) VZ=2(V2 +2vV=3).

(@) V=44V 306 V25,
2. Reduce the fraction
24V—=13
3+V=5H
to an equivalent fraction whose denominator is veal, and express the
result in the form A4 + BV — 1 where A and B are rcal, though not
necessarily rational, numbers.

3. Find the base of a right triangle whose altitude is 7 and hypotenuse
is 0.



CHAPTER IV
LOGARITHMS

34. Definitions. In books on analysis it is proved that
every real positive number y can be expressed as a power of
a real base a which is different from 1 and from 0; that
is
€))] Yy =a®.

In this equation @ is called the logarithm of y to the base a,
and is written

@) x=log, Y.

For present purposes, cquations (1) and (2) mean exactly the
same thing and may be used interchangeably.

The definition of a logarithm stated in words is as follows.
The logarithn of a number is the exponent that indicutes the
power to which « base must be raised in order to produce the
given nwmber.

35. Theorems relating to Logarithms. Since logarithms
are exponents, every theorem ahout exponents is alsoa theorem
about logarithms when expressed in the language of logarithms.
Theorems relating to logarithms will therefore be proved by
direct reference to the properties of exponents.

Tarorem 1. The logarithm of unity is zero.

For, if we put y =1 in equation (1), 2 must equal zero, since
1=a" (See equation (1), § 23.) Tt follows that

®3) log. 1= 0.
37
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TarOREM 2. The logarithin of the base is unity.
For, if we put y=a in equation (1), 2 must be 1, and the
equation a = a! means, in the language of logarithms,

4) log,a=1.

Tueorem 3. The logarithm of the product of two numbers is
equal to the sum of their logarithms.
If y, and y, be the numbers and #, and #, their logarithms,
the definition gives
n=an and i,=a",
whence, by I, § 22,

Yiyp =@t

In the language of logarithms, the last equation gives

log, y1ys = @y + @y
But since
% =log,y, and ,=1log, ¥,
it follows that

) log, ¥y v, =log, ¥, + log, ¥y
as was to be proven.

Turorem 4. The logarithm of a quotient is equal to the
logarithm of the dividend diminished by the logarithm of the
denominator.

Let 3, be the dividend and y, the divisor, z, the logarithm of
1, and w, the logarithm of »,. By definition

=07 Yp=0a%;
whence
L2 g A*1 "%,
Y2
In the language of logarithms the last equation gives

log, L = — a,
Y
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or

(6) loga!ly—l =loga y1 — 10ga Ve,
2

which was to be proven.

Tneorem 5.  The logarithm of a power is equal to the logarithm

of the base of the power multiplied by the exponent of the power.
For, if
y=a

be the number, and m the cxponent, then by III, § 22,

ym =(az)m = qm*,
From the last equation,
log, y™ = max,
or
) log, ym = mlog.¥.

CoroLvAry. If m =1/n, where n is un integer, equation (7)
takes the form

(8) log, ¥y = :ilog,, y.

Translated into words, equation (8) says that the logarithm
of the root of a number is equal to the logarithm of the number
divided by the index of the root.

36. Systems of Logarithms. The logarithws of all real
positive numbers with a given number as a base form a so-
called system of logarithms. On account of its great conven-
ience, the system whose base is 10 is used in all numerical
computation. The system whose base is 10 is called the com-
mon or Briggsian system.

Unless otherwise stated, common logarithms will be used and
all reference to the base will be omitted. For example, we
shall write log 25, not log;y 25.
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37. Characteristic and Mantissa. A table of powers of 10
may be written in exponential and logarithmic forms, as
follows.

ExpoNENTIAL ForM LoaaritimMio Fory
1076 = .000001 log .000001 =-—6
10-5 = .00001 log .00001 =-—5
10t = .0001 log .0001 . =-—4
10-% = .001 log .001 =—3
102=.01 log .01 =
101 =1 log .1 =—1
100 =1. log1 = 0
10t =10 log 10 = 1
102 =100 log 100 = 2
103. = 1000 log 1000 = 3
104 = 10,000 log 10,000 = 4
105 = 100,000 1log 100,000 = 5
108 = 1,000,000 log 1,000,000 = 6

The logarithm of an integral power of 10 is an integer, either
positive or negative. The logarithm of a number which is
not an integral power of 10 lies between two integers and must
be expressed, either exactly or approximately, as an integer plus
a decimal part. For example, the preceding table of powers
shows that the integral part of log 258 is 2 because 258
lies between 100 and 1000, and its logarithm must therefore
lie between 2 and 3. From the table of logarithms (Table,
p- 262) the remaining part is found to be approximately .4116.
We may then write
log 258 = 2.4116.

The integral part of a logarithm is called the characteristic, and
the decimal part is called the mantissa.
Even when the logarithm is negative it may be so written
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that thé mantissa is positive. For example, it is known that
approximately,

log .025 = —1.6021.

When 10 is added and subtracted, this equality may be written
in the form

log. 025 = 10 —1.6021 — 10= 8.3979 — 10.

In the last form the mantissa is the positive number .3979,
and the characteristic is the negative number § — 10, or — 2.

In what follows it will always be assumed that the logarithm
is written in such a form that the mantissa is positive.

Turorem 6. — The mantissas of the common logarithms of all
numbers having the sume sequence of figures are equal regardless
of the position of the decimal point.

Proor. Moving the decimal point is eqﬁivalent to multiply-
ing or dividing the number by a power of 10. The logarithm
would be changed by adding or subtracting the logarithm of
this power of 10. But the logarithm of a power of 10 is an
integer, and adding or subtracting an integer cannot change the
mantissa.

Exampre. Log 2.58 = log — log 258 — log 100

=2.4116 — 2
= 0.4116

38, Determination of the Characteristic. — From the table
in § 37, it is clear that the characteristic of the logarithm of 1,
or of any number between 1 and 10, is zero. Moving the dec-
imal point one place to the right is equivalent to multiplying
the number by 10, and therefore, by Theorem 3, to increasing
its logarithm by 1. On the other hand, moving the decimal
point one place to the left is equivalent to dividing the number
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by 10, and, by Theorem 4, to diminishing the characteristic by 1.
It follows that the characteristic of the logurithm of any number
may be found by comparing the position of its decimal point with
that of another number having the same sequence of figures and
lying between 1 and 10.

Thus to find the characteristic of log 2580 it is sufficient vo
note that 2580 =10° x 2.58. The characteristic is therefore 3.

Similarly the characteristic of log .000258 is — 4, since

.000258 = 10~ x 2.58,
In general, the characteristic is equal to the exponent of that
power of 10 which must be used as a multiplier to produce the
given number from a number having the same sequence of figures
and lying between 1 and 10.

An easy way to determine the correct characteristic is first
to imagine the decimal point placed after the first significant
digit (not zero) and then to count forward or backward to the
actual decimal point. The number of digits passed over is the
characteristic, counted positive if the motion was to the right
and counted negative if the motion was to the left.

A negative characteristic is written on the right of the man-
tissa, or, it is broken up into two parts, one of which is a mul-
tiple of — 10,and this multiple of — 10 is written on the right
of the mantissa. Thus,

log .000258 = .4116 — 4 = 6.4116 — 10,
since the characteristic is — 4.

EXERCISES

1. Using the table, find the logarithms of each of the following
numbers.

(@) 2.34. (@) .359. ) gg—g
85.6
(b) .234. (e) .0298. (ORrvrvy

(c) .000234. (1) (.0346)2. 0] (23‘;‘:’)
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39. Interpolation. ILogarithms, like square and cube roots,
can be expressed only approximately in the ordinary notation.
The tables in common use give the mantissas to four, five, or
six decimal places, leaving the computer to supply the char-
acteristic according to the rule of § 38.

By means of a four-place table the logarithm of a three-figure
number may be read off directly, but the logarithm of a four-
figure number must be found by interpolating a logarithm
between two logarithms of the table. For example, suppose
the logarithm of 258.3 is wanted. Clearly log 258.3 lies be-
tween log 258 and log 259. From the table

log 258 =2.4116, and log 259 = 2.4133.
The difference between these two mantissas is .0017. The
difference between 258 and 258.3 is 3 tenths of the difference
between 258 and 259. The difference between log 258 and
log 258.3 is therefore 3 teuths of .0017, or .0005 ; and we write
log 258.3 = log 258 4- .0005 = 2.4121.

40. Multiplication and Division of Logarithms. A loga-
rithm whose characteristic is positive is multiplied and divided
in the same manner as any positive number is multiplied or
divided. If the characteristic is negative the operation of di-
vision requires some care. lTor example, to divide .4126 — 4
by 7, the logarithm should be written so that the negative part
is exactly divisible by 7. Thus .4126—4=3.4126—7=66.4126
—T70. Consequently, one seventh of .4126 — 4 is 4875 — 1, or
9.4875 — 10. Kither result is in convenient form.

EXERCISES
Find the logarithms of each of the following numbers.
1. 534.2. 5. (.3826)5. 9. (.035662)%/2,
2. 534.2617. 6. (3.826)5. 10. 81
3. 6.278. 7. V.3427. 11. 8}.

4. .05342. 8. v.02796. ! %ﬁﬁ)‘
12 (28.16
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41. Antilogarithms. In order to complete a computation by
logarithms it is necessary to find from the table the antiloga-
rithm, that is, the number corresponding to a given logarithm,
To illustrate, suppose

log @ = 2.5432

is given, and the number x is required. The nearest mantissa
given by the table is .5428 which corresponds to the number
349. The difference between this mantissa and the given man-
tissa is .0004, while the difference between the mantissa .5428
and the next mantissa in the table is .0013. The difference in
number is therefore {%; of 1, or, to the nearest tenth, .3. The
first four digits in the required number are then 3493. From
the relation between decimal point and characteristic as given
in § 38, the point must lie between the 9 and the 3 so that

x = 349.3.
If log 2 = 8.564325 — 10, then z = .03493.
42. Cologarithms. The direct subtraction of logarithms
may be avoided by the use of cologarithms. The cologarithm

of a number is the negative of the logarithm, i.e. the logarithm
of the reciprocal of the number. It is written in the form

®) cologn=10g7-15=——logn=1O—Iogn— 10,

where 10 has been added to and subtracted from —logn. For

example,
colog 258 = log 545 = 10 — 2.4116 — 10

= 7.5884 — 10.
. 1
Again, colog .0258 = log.O 558 = 10 —(8.4116 — 10)— 10
= 1.5884.

In finding the cologarithm from the logarithm, expert com-
puters begin the subtraction on the left, taking every figure up
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to, but not including, the last significant figure from 9. For
example,

34.58 x .01237
€ 9159 x 1673
= log 34.58 + log .01237 4 colog 2.159 + colog .1673
= 1.5388 + 8.0924 — 10 + 9.6658 — 10 4 0.7765
= 0.0735.

MISCELLANEOUS EXERCISES

1. Compute the value of each of the following expressions by means
of logarithms.

(@) 259x 342 x.0621, 8432 x V02315,
_ (& = 03491
(b) 8394 x 5128
o342 %) \/ 5294
6382
() 3782 x V3819 V03128
V234 Y 05705
(@ 2594 x 8431 (h) b.34-0%,
V3241 () 631-54,

2. Compute the value of
(— 534NV =50.32)
(— 76843)8 ’

[Hint. Logarithms will give only the absolute value of the result.
The sign must be determined independently.]

8. Find the arca of a circle whose radius is 36.59.
4. Find the volume of a sphere whose radius is 2.634.

6. Find the volume of a right circular cone whose altitude is 5.374 and
the radius of whose base is 2.634.

8. Find the simple interest on $239.26 at 5.759, for 2 years and 9
months. *
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7. Find the compound amount of $ 1225.76 for 4 years with interest at
69, compounded semiannually, given that the formula for the compound

amount is
P(l + f)"’,
P

where P is principal, r rate, n the time expressed in years, and p the num-
ber of times the interest is compounded each year.
Would the result obtained by means of four-place tables be acceptable
in commercial practice ?
8. A man invested $ 5000 in business and at the end of b years drew
out $ 7439.62. What rate at compound interest payable annually did he
receive on the investment ?

9. The weight of a cubic foot of water is 1000 ounces. What is the
weight in tons of a ship whose ** displacement ** is 59,200 cubic feet ?

10. The time in seconds of one complete oscillation of a pendulum is
given by the formula

i
T=2my¢
Ny
where ! is measnred in feet and ¢ = 32.2. What is the time of a complete
oscillation of a pendulum 27 inches long ?

11. One meter is equivalent to 39.37 inches. How many inches are
there in 1275 centimeters ?

12. Reduce 435 square centimeters to syuare inches.

13. Reduce 579 square inches to square centimeters.

14. Ordinary interest is figured on the basis of 360 days and cxact

interest on the basis of 365 days to the year. The relation between the
two is given by the formula

exact interest = ordinary interest X 3.

Find by a single computation the exact interest on § 532,75 for 139 days
at 6 %.

18, When air expands without gain or loss of heat the pressure is
approximately given by the formula

P = cplél

where p i density and ¢ is a constant. Find the value of p when ¢=566.9
and p = .0026,
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43. The Logarithmic Scale and the Slide Rule. The loga-
rithms of the integers 1 to 10 inclusive are, if we use two deci-
mal places only,

.00, .30, 48, .60, .70, .78, .85, .90, .95, 1.00.

These numbers may be plotted easily upon any line segment
one unit in length and divided into hundredths. If we attach
to each point, not its logarithm, but the corresponding num-
her we obtain a so-called Gunter’s or loyarithmic scale. (See
Fig. 4.)

t f f 1§ ¢ 1 ¢7%

Fia. 4.

A slide rule consists cssentially of two logarithmic scales A
and B which may be moved over each other as in Fig. 5.

14 2

L f £ 10

Lot

I p

R0

o

o

e
L—

Fui. 5.

To multiply two numbers, as 2 and 4, by means of a slide
rule, we set the L of scale B upon the 2 of scale 4 and count
Jorward to 4 on scale B. We have in this way that point on
scale A which gives the sum of log 2 and log4. The point is
of course 8.

Similarly, if we wish to divide 8 hy 4 we would set 4 of scale
B upon 8 of A then count back on-A to 1 of B. This point de-
notes the difference between log 8 and log 4.

Clearly the logarithmic scale gives only the mantissas of the
logarithms. The determination of the chavacteristics presents
no difficulty, at least in the simpler cases.

The slide rule in actual use is considerably more elaborate
than the pair of logarithmic scales in Fig. 5. The illustration
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Fia. 6.

1o
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4

31’
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(Fig. 6), which is a reproduction
from a photograph of an actual slide
rule, shows two pairs of scales. The
upper pair consists of two logarithmic
scales placed end to end.

By means of a ten-inch rule prod-
ucts and quotients, true to two or
three figures, may bLe found with
surprising rapidity. The longer the
rule the greater the accuracy.

EXERCISES

1. Perform each of the following multi-
plications by means of a slide rule.

() 3 x2. (&) 5.5 x 4.5.
(b) 8.5 x 2.5. (f) 5.6 x 7.8.

(€ 2.7 x 3.4. (g) 1.45 x 23.
(d) 5 x 4. (k) 14.5 x 2.3.

2. Perform each of the following divi-
sions by means of a slide rule.

(a) 6 =8, (d) 82.5 +4.6.
(b) 6.5+ 8.5. (¢) 21.4 =+ 03.5.
(¢) 80 = b. (f) 4.52 + 0.125.

8. Perform each of the following indi-
cated operations by means of a slide rule.

(a) 3 x4 x5. (@) (45)2 + 68,
(b) 8.7 x 4.6 x b.4. () m(4.52)%
(¢) 6.9 x 11+4.5. () 47(68.2)%



CHAPTER V

FUNCTIONS OF A VARIABLE — GRAPHICAL
REPRESENTATION

44. Definitions. If a man walks at the uniform rate of 3
miles per hour the distance covered in @ hours is 3z miles. 1f
y denotes the distance, the relation between distance and time
is given by the equation

y=3z
In this example & may represent any arbitrary number. More-
over to every value of @ there corresponds a definite value of y.
Numbers like 2 and y in this example, which assume many
values in the same discussion, are called variables. The im-
portant fact to be noted in the example is that when the value
of one variable @ is given the value of the other is known.

If two variables, x und y, are so related that when the value of
x 78 given the value of y is known, then y is said to be a function
of a.

The notion of dependence of one variable upon the other is
fundamental. The variable which is assumed to take arbitrary
values is called the independent variable. The variable whose
values depend upon the values of the independent variable is
called the dependent variable. In the example just given it"
has been assumed that the values of « are arbitrary. There-
fore x is the independent, and y the dependent variable.

The notion of a function is one of the most important ideas
with which mathematics has to do. The following examples

will serve to illustrate this statement.
w 49
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.
ExampLe 1. If $100 be loaned at 6 % the interest is a function of the
time, which is expressed by
I=%$100 x .06 X ¢.

ExavprLe 2. The distance through which a body falling freely from
rest will travel in time ¢, is a function of the time given by

s =498,
where ¢ is a constant.

ExampLe 8. The circumference C and the area 4 of a circle are func-
tions of the length of the radius given by

C=2mr,

and
A = w2,

respectively.

Examrie 4. If x denote any number and y its logarithm, the func-
tional relation
y=logx

expresses the relation between the numbers of the number column and
the corresponding logarithms of a table of logarithmns,

ExamrLe 6. If y denote the angle which a stairway with 12-inch
treads’ makes with the floor, and if h denote the height of the riser, the
steepness of the stairway dcpends upon the height of the riser and is ex-
pressed as the ratio of riser to tread. In trigonometry this ratio is called
the tangent of the angle y, so that by definition,

h
tan y = —.
T

It should be carefully noted that in the examples just given,
I, s, C, 4, y, and tany
are merely symbols for the functions

100 x .06 x ¢, %tf, 27, m?, logz, and 1’_‘2,

respectively. All these functions are given by definite mathe-
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matical expressions, a thing which is by no means necessary
to make one variable a function of another.

When it is desired to express the fact that a variable y is a
function of 2 without stating the exact mode of dependence, it
is customary to write

(1) y= f(w))

which is read “y equals a function of x,” or “y is a function
of x.”

EXERCISES

1. One leg of a right triangle is « and the other is 5. Express the
length of the hypotenuse as a function of x.

2. Let 2 denote the side of an equilateral triangle, Ixpress the area
as a function of x.

3. Let a denote the radins of a circle and 1+t x denote the distance
from the center of the circle to a chord. Express the length of the chord
as a function of z. .

4. Express the side of a square as a function of the area.

5. Express the arca of an equilateral triangle as a function of the length
of a side.

6. Express the side of an equilateral triangle as a function of the area.

7. Lxpress the simple interest on one dollar as a function of the time ¢
when the vate is 5%; as a function of the rate r, when the time is 10
years, *

8. Express the amount of one dollar at compound interest as a funec-
tion of the time ¢ when the rate is ».

9. At a given time a man 12 miles from a given place begins to travel
away from the place at the uniform rate of 12 miles per hour. What
function expresses his distance from the place at the end of ¢ hours ?

10. In Ex. 9, suppose the man begins to travel toward the place.
What is the function ?
!
11. A man starts from a point 3 miles east of a certain place and travels

east at the rate of 4 miles per hour. What function expresses his distance
from the place at the end of x hours ?
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46. Coordinates. The independent variable may take an
unlimited number of values. To a given value of the inde-
pendent variable corresponds one value (or several) of the
function. This pair of values, one for the independent vari-
able and one for the function, may be used to determine the
pusition of a point in a plane in the following manner.

Let the function be 24 2. To the value =2 corresponds
the value y=4. The value 2 =2 can be represented by a line
0A two units long laid off
to the right of the arbitrary
point O in the arbitrary
line XX' (Fig. 7). Similarly
the value y = 4 can be rep-

Y
1 (2,4)

4 y=4

- Sttt . resented by a line 4 units
z=2 < long laid off upward from
A, parallel to a line drawn
through O, and perpendic-

. ular to the line XX,
Fia. 7. The arbitrary line XX,
in which the values of 2
are measured, is called the x-axis, or the axis of the variable,
while the line Y'Y, parallel to which the values of the function
are drawn, is called the y-axis, or the function-gxis. The pair
of values =2 and y = 4 determine a point which is found by
measuring 2 units along the x-axis and then 4 units upward

parallel to the y-axis. (See Fig. 7.)

If either @ or y is negative the corresponding line is drawn
in the opposite direction. Thus z= —2 and y =4 determine
a point two units to the left of the y-axis and four units above
the z-axis.

The distance measured along the x-axis is called the abscissa
and the distance measured along the y-axis is called the ordi-
nate. The two together are called the coordinates of the point
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which they determine. The point in Fig. 7 is indicated by the
symbol (2, 4). In general, we write (z, y) where z is the ab-
scissa and y the ordinate.

46. The Graph of a Function. By giving arbitrary values
to x, any number of values of the function may be found. The
relation betwceen the variable and the function may be exhibited
as in the following table, which has been constructed for the
function = 4 2.

=
—
.
™
BN

x —4] -3 _21-—1

2| —2| 1| o] 1|z _3_‘_4—_5 6

If a pair of axes be drawn, each value of x with the cor-
responding value of the function determines a point which

is easily located by the r

method of § 45. The lines 1 2

1P, 2 Py, 3 P, - represent 1,

the values of the funetion s

x4+ 2 for the correspond- Do

ing values 1, 2, 8, - of 2. ., &T 1

(Seo Fig. 8) P LN R B B M 4
If the points on the EM 1.1

z-axis be indefinitely near 42

together, the points P will
be indefinitely near together
and will lie in a line, either
curved or straight. The bl
line thus determined is Fia. 8.
called the graph of the function. The graph of a function is
constructed by locating a suflicient number of its points und
then drawing a smooth turve through these points.

47. Codrdinate Paper. By means of paper ruled in small
squares, all necessity for measuring instruments to determine
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the lengths of cobrdinates is avoided, since the spaces on the
paper serve as a measuring scale. Paper so ruled is called
coordinate paper, or squared paper. Coordinate paper with 8
or 10 rulings to the inch, or 5 rulings to the centimeter, is most
convenient.

EXERCISES

1. Mark on codrdinate paper the points (1, 1), (2, 3), (—1, 3),
("1: 0)’ (Os 1)’ ("'31 “2)1 (29 "3)v (09 0)'

2. Construct the graphs of the following functions.

(a) 2. (e) i @) fx+2.
) 3z ) iz G) e —2.
(c) =. (g) x—2. (k) 3z + 1.
(d) }=x. (k) 22— 2. @ 3xr—1.

8. What is your conjecture concerning the geometric character of the
graphs in Exs. 2 (@) — 2 (1) ?

4. What is the relation between the graphs in Exs. 2 (a) and 2 (k), and
in Exs. 2 (b), 2 (k),and 2 (7) ?

B. What is the relation between the graphs in Exs. 2 (d), 2 (e), and
2(f)? In general, what cffect does the size of the coefficient of « scem
to have upon the graph ?

6. Construct the graph determined by y = 4 z°.

7. Which of the points (—1, 1), (1, 1), (0, 8), (2, 4), (1, 3), (1, 5)
lie on the graph of the function
y=2z+43°?

48. The Linear Integral Function. A function of the form
@) ax b,

where a and b are constants, is called a linear integral function.

The graphs of the linear integral functions in Exs. 2-7 of
the preceding scction are apparently All straight lines. That
the graph of every linear integral function is a straight line
may be proven as follows.
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(1]
(71

Let y denote the function ; then
3) y=ax +b.

When x = 0, y = b, so that the graph passes through the point
(0, b). (See Tig. 9, which has been drawn for the case in
which a and b are both positive.) Now, if @ is increased, the
increase in y is @ times as great. 'When z changes from z = 0

¥
;;rﬂ/) o
— y-b-—
B R
7,
) |
X' [ A M X
¥’
Fia. 9.

to 2 = BR, the corresponding change in y is RP. It follows
therefore that

RP=a - BR,
or RP
(4) :Z—;z; =a.

Equation (4) expresses the fact that the point 7 moves in such
a way that the ratio of its distances from two fixed lines is
constant. From geometry we know that the locus of a point
the ratio of whose distances from two fixed lines is constant
is a straight line. Q.E.D.
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49. The Graph of a Linear Equation. The straight line in
Fig. 9 may be looked upon, cither as the graph of the function
az + b,
or as the graph of the equation
) y=ax+D.

Moreover, every equation of the first degree with two variables
z and », can be put in the form (5). For, if the equation

6) Ax+By+ C=0
be divided through by B, it becomes, after transposition,
A C
7 =—Ta—Z.
Y Y="%*~ 5

Equation (7) is identical with () if

A C_
——E_aomd —-»1)—b

It follows from what has been suid that the graph of every
equation of the first degree between two vuriables & and y is a
straight line. Tor that reason such an equation is called a
linear equation.*

‘When a linear equation is written in the form (5), the num-
ber a is called the slope of the line. The rcason for this name
is given by equation (4), which shows that the stecpness of the
line is determined by a.

The slope of a line may be likened to the grade of a hill or
to the steepness of a staivway, which is expressed as the ratio
of riser to tread. (See Ex. 5, § 44.) It is also identical with
that trigonometric function of the angle RBP (Fig. 9) which
is called the tangent of the angle BRBP. Clearly two lines
having the same slope with respect to the a-axis are parallel.

*# The statement is true even though 4 or B is zero and the equation reduces
to a finear equation iu one variable.
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The two line-segments 04 and OB (Fig. 9), or their lengths,
are called the x-intercept and the y-intercept respectively. The
z-intercept is the value of ¢ corresponding to the value y =0
and the y-intercept is the value of y corresponding to the value
z=0,

Consequently, the intercepts are

OB =b, and 0.4 = —D.
a

Since the graph of the linear integral funection, or of the
lincar equation, is known to be a straight line, the line may be
constructed as soon as two of its points are known.  Usually
the points determined by the intercepts are most easily found.

50. Uniform Motion. If a body moves in such a way that
it travels over equal spaces in equal times, we say that its
motion is uniform. The measure of the space traversed ina
unit of time is called the velocity, or the speed. Tor uniform
wotion the speed is a constant number, depending, however,
upon units employed for time and for space. For example, a
speed of 60 miles per hour is the same as one mile per minute,
or 88 feet per second.

The space s traversed in time ¢ is a function of the time, and

if the speed v is a constant, s is given by the equation
) s =vt.
In the most general case of uniform motion the space is a linear
integral function of ¢ (see equation (9) below), and it is, there-
fore, represented graphivally by a straight line with slope ».
The greater the velocity, the steeper the line.

EXERCISES
1. Construct the graph of each of the following functions.
(a) 3x—5. (@) —8x+1.
(b) z/2 - 8. (6) VZz+1.

(¢) —2x+1. (f) V2z ~1.
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2. Construct the graph of each of the following equations, and find the
intercepts and the slope in each case.

(@) y=—x+2.
®) y=—2zx+1.
(¢ ¥y=V3z+1.
(@) 22+3y=0.
() 2y~3Bx=2>5.
(f) 2x+8y+5=0.
8. Construct the graph of the equationy — 1 =0.
4. Construct the graph of the equation x — 2 =0,
6. Ilooke’s Law for the extension of a stretched spring is
E = kt,
where E is the extension due to the tension, or pull, {. Represent the
extension graphically when & = 5.
6. Frowm the equation
¢ = =d,
construct a graph from which you can read off the length of the circum-
ference of any circle whose diameter is known.
7. 'The formula for simple interest is
1= Prt,
where P is principal, » rate of interest, and ¢ the time expressed in years.
Construct on a single' sheet of coordinate paper the graphs
(@) when ¢t =1 and » = .06;
(b) when ¢t =2 and r = .06;
(¢) when t =3 and r = .00.
Show how these graphs may be used instead of an interest table for 69,
8. If (' and F represent the readings on Centigrade and Fahrenheit
thermometers, the relation between the two is given by
F=3C+ 82°
Construct the graph of the equation and demonstrate its use.

9. A man travels at the uniform rate of 30 miles perhour. Construct
the graph which shows the distance traveled in time ¢.

[Hivt. Let 10 miles represent one unit on the distance axis.)
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10. A man travels toward his home 100 miles away at the rate of 30
miles per hour. What function represents his distance from home at the
time ¢ ? Construct the graph.

11. The condensed schedule of a certain train running between
Chicago and Madison is as follows :

MiLes 1 BTATIONS Tive
0 ll Chicago 4.00 .M.
41.1 Gray’s Lake 5.03 p.y1.
74.6 Walworth 6.03 p. M.
09.2 Janesville 7.05 po.
139.7 Madison 8.25 p.y.

Assuming the speed to be constant between the stations given, con-
struct the graph showing distances from Chicago at times ¢. Determine
from the graph what part of the trip is made in the fastest time.

12. A hody moving with uniform velocity of v feet per second passes
a point s, feet from A at time ¢, Show that the distance s from 4 at
time ¢ is given by the equation

() s — So=v(t - to).

13. A train leaving Pitt',sburgh at 12:25 r.m. passes Steubenville 43.2
miles from Pittsburgh at 1:41 r.m and Denison 90.5 miles from Pitts-
burgh at 2:50 r.m. Find the equation of motion giving the distance of
the train from Pittsburgh, assmming that the speed is constant.

14. A train traveling toward Pittsburgh at the rate of 38.5 miles per
hour passes through Steubenville 43 2 miles from Pittsburgh at 8: 00 a.u,
Find the equation that will express the distance from Pittsburgh in terms
of the time the train has been on its way.

16. Construct a straight line which will represent graphically the

motion of a body moving uniformly at the rate of 2 feet per second. Is
there more than one line that satisties the requirement ?  Explain.

16. A train does not move uniformly between stations but’ starts

slowly and stops gradually. Sketch a graph that corresponds roughly
to the facts.
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61. The Rational Integral Quadratic Function. A func-
tion which has the form

10) ax? + bx + ¢,
where a, b, and ¢ are constants, is called a rational integral
quadratic function.

The graph of a quadratic function is constructed by making
a table of values as in the case of linear functions, and then
drawing a curve through the points thus determined. For ex-
ample, the table for the function a2 — f & 4 5 is in part as follows:

=
=
/s
—
fd
0‘ N
———
(3]

Drawing a line through the points (— 1, 10), (0, 5), (1, 2),
@, 1), 3, 2), (4, H), we obtain the curve shown in Fig. 10.
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The graphs of all quadratic functions for which the coeffi-
cient of #? is positive resemble in form and in position the
curve in Fig. 10. The curves may or may not cut the w-axis,
but in each case the curve has o lowest point.

If the coefficient of a® is negative, the curve is turned over

I —

|

|

P ._._t___. -
0

11,

and is scen as the curve in Fig. 11, where the graph of the
function — 22442 + 2 is shown. In this case the curve has

a highest point.
A familiar quadratic function is given by the equation
=} gt which is the simplest form of the equation of accel-
erated motion. The general form of this equation is
* © 8=14gt’+ vt gy

where v, is the initial velocity and s is the initial space.
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EXERCISES

1. Construct the graph of each of the following functions.

(@) z3. (@) z2—22. (y) ©»*— 22— 4.
) =2+ 4. () o242 (h) x* 4+ 4.,
(c) z*—4. (f) v —2r 4 4. () —a*—dx+3.

2, Construct the graphs of the functions a2 4+4x 41, 22 4+ 42 42,
2% + 4x 4+ 8 with the same axes and the same units, and determine as
nearly as you can what effect changing the absolute term has upon the
graph.

8. Construct with the same axes and the same units the graphs of the
functions 2 — 2w + 1, 22 — 4w + 1, and x* — 6 x + | and give your opin-
ion as to the influence of the coeflicient of x upon the position of the
graph.

4. Construct the graph of x2/2 and compare it with graph of 22 con-
structed upon the same axes, and with the same units.

6. By means of a table of logarithms construct the graph of the

equation
y = logo .

6. By the same means construct the graph of the equation
y = 10%.

[Hixt. Let the unit for ordinates be 10 times the unit for abscissas.]

52. Maximum and Minimum Values of Quadratic Func-
tions. In § 51 it was stated that the graph of the function
2 — 42 4+ 5 has a lowest point, and that the graph of the func-
tion — 22 + 4« 4 2 has 4 highest point. The number express-
ing the length of the ordinate drawn to the lowest point of
such a graph is called the minimum value or least value, of
the function. Similarly, the number expressing the length
of the ordinate drawn to the highest point of a graph, like that
in Fig. 11, is called the maximum value or greatest value of
the funection. A minimum value is less, and a maximum
value greater, than any other value in the immediate
neighborhood.
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Maximum and minimum values of quadratic functions are
easily found by transforming the function into the sum or the
difference of two squares by the method of § 19. For example,
the function

22— 4w+ b
may be written in the form
(x—2)241.

In this new form the first term (& — 2)2 alone is variable, and,
sinee it is a square, it is either a positive number, or zero, for
any real value of 2. The leust value of the function is, there-
{fore, the value that corresponds to the least value of (x— 2)%
Now, the least value of (x —2)? is zero. When (x—2)? is
zero, =2, and the corresponding value of the function is 1.
(See Fig. 10.)
Similarly, the funetion
' —tha 2
may be written in the form
—(z—2)2+6.
In this case the first term is always negative, or zero, and the
greatest value of the function corresponds to (@ — 2)? = 0; that
is, the maximum value of the function is 6. This value is
found by making = 2. (See Fig. 11.)
If the coefficient of a? is not unity, the function must first

be put in the form
u,(:z:‘l + b x4+ 2);
a a

then the factor within the parentheses may be transformed as
before. Thus we may write

2 2
ax? 4+ bx + ¢ = a[<w+5b ) —_(P=tag]

a 4a?

(See Ex. 2, p. 19.)
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EXERCISES

1. Find the maximum, or minimumn, as the case may be, of each of
the following functions, and give the corresponding value of z.

(@) 22—2x+ 7. (@) 222 —4r+9.
(b) 2 —3x + 11 () —2x2+ 40+
(¢) —x+2x+T. f) —8a2422—1.

2. The motion of a body thrown vertically upward in an unresisting

medium is given by the equation
s=—} gt + vol,

where g = 82.2, and v is the velocity with which it is thrown. Find the
maximum height to which a ball thrown upward with a velocity of 100 feet
per second, will rise.

8. Solve the problem in Ex. 2 in general terms, {.e. without substitut-
ing values for v, and g.

4. How long will the ball in Ex. 2 rise if the initial velocity is 100 feet
per second ?

[HiNr. What value of £ corresponds to the maximum value of s ?]

6. What are the area and the dimensions of the largest rectangle that
can be inscribed in a right triangle whose base is 4 feet and altitude 6 feet, ?

[HinT, Let the area be given by @ = ry, then by means of similar tri-
angles y can be expressed in terms of x and so a will be expressed as a
quadratic function of u.]

6. Find the arca and the dimensions of a rectangular ventilating
window, of maximum opening, that can be put in a window that is an
equilateral triangle whose side is 6 feet.

53. The Power Function. A function of the form
(11) ar®,
which is the product of a number @ and a power of «, is called
a power function. The great importance of the power function
lies in the fact that by means of it many fundamental formu-
las of geometry and physics may be expressed. The following
examples will give some indication of the role that it plays.

(@) The circumference of a circle with radius » is the power function
2 xr, and the area is the power function 772
(b} the volume of a sphere is the power function £ 773 ;
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(¢) the law for a body falling freely in a vacuum is given by the power
function } g¢2;

(@) the time required for a Lody to fall freely through a space s is the
power function v2/g. s/2;

(e) the Newtonian law of gra,vitation is given by the equation

f= -~ ct2;
(f) in the so-called adiabatic expansion of air the pressure p expressed
in terms of the density p is the power function
P pl ¥,
The simplest power function is #%. For n =1 the graph is
a straight line, as we already know, and for » =2 the graph
is a parabola whose equation is
y =22
Figure 12 shows the graphs of 22, 2, 2% and 2®. The graphs
of all power functions of the form v, where n is a positive

X7 0 X
- """""'/ - D - T
- - ¥ —_— et e e —

Fia. 12.

integer, or a positive fraction, pass through the two points
(0, 0) and (1,1). Why?
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64, Power Functions with Negative Exponents. Infinity.
The simplest example of a power function with a negative
exponent is =7, which may be written 1/x. Brief considera-
tion of this function will serve to bring out a property not
found in any of the functions that have been studied hereto-
fore. The graph of the function is the graph of an equation
which may be written in any one of the three forms

y=ua7, ."/=']"y ye =1,
X

Clearly the graph passes through the poinsy (1, 1), but it does
not pass through the point (0, 0), since the substitution of 0
for @ would give y=1/0, which has no meaning. (§1L.)
Nevertheless, if we construct a table of values for the func-
tion y = 1/x corresponding to the values

=1, =1, 2=.01..

we shall see how y behaves as x becomes smaller and smnaller.

x 14 .1 ] .01 | 001

y=1/z | 1|10 | 100 | 1000

L0001 00001
10,000 | 100,000

From this table, it is perfectly clear that as = continues to
decrease y, or 1/, will continue to increase and as x# becomes
indefinitely smull y will become indefinitely large. We say
that y becomes infinitely great, or simply that it becomes
infinite, and for the word infinity we use the symbol “oo.”
The symbol oo cannot be looked upon as a symbol for a
number like 1, or 2, or 5/6, or 0, or V2, since it does not
obey the ordinary rules for reckoning by the fundamental
operations.

For a negative value of z, the function y = 1/ is negative,
taking a value equal in magnitude, but opposite in sign, to the
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value for the corresponding positive value of #. Thus for
@ =.01, y =100, und for & = —.01, y =— 100. The graph
consists of two apparently distinet parts, as in Fig. 13. The
curve is called an equilateral hyperbola.

¥

— ——t

Fia. 13.

The graphs of the functions 2™, where — n is a negative
integer, are somewhat similar in shape to the equilateral
hyperbola.

EXERCISES

1. Construct the graph of each of the following power functions, using
4 inches, or 10 centimeters, as unit.

(@) a3 (e) 322, ) =2,

®) 2t () 8xv2, G) a1
(c) =zV2 (g) 8. (k) 22,
(ay x> (k) 2x1, 1) 3z-vs,

2. Give two points through which all the curves whose equations are

of the form
y = ax",
pass, if n>0.

8. Give one point through which all the curves whose equations are of

the form
Yy = ax™",
pass, if n>0.
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66. Variation. We say that one number y »aries as, or is
proportional to, another number 2, if y is equal to a constant
times 2, that is if ,

Y= cx.
If one number y is related to another nuwmber 2 according to
the relation
y=cr
we say y varies tnversely as a.
In general, it

(12) y = eam,

where » is any rational number, positive or negative, integral
or fractional, we say that y varies as the 2th power of a.

The connection between variation and proportion is easily
established. Tor, if @ and 2, be two values of &, and z; and
¥ the corresponding values of g, according to the relation (12),
then g, = c2} and y, = ext.  When one of these equations is
divided by the other the resulting equation may be written as
the proportion
(12a) Pt Y= 2%

Conversely, if equation (12 a) holds for every pair of values
of 2 and y, then

h= 372,93'1"
Ty
But if =, is fixed, y, is fixed, and y,/a% is a constant which
may be denoted by ¢. Then gy =cx?. The last equation is
identical in form with equation (12). Consequently, the equa-
tion (12) is identical in meaning with the proportion (12a).

In practical problems the constant ¢ is usually determined by experi-
ment. For example, if a body travels with uniform velocity, the distance
traversed is proportional to the time, and we have s = ¢t. If we meas-
ure the distance s corresponding to a definite time ¢, ¢ is known immedi-
ately. It is, of course, the velocity.
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Again, under the Newtonian law of gravitation, the force by which
two unit masses are attracted to each other varies inversely as the distance
between them. The formula for the force is therefore

1
=c—.
J a2

To find ¢ experimentally, it would be necessary to take two bodies of unit
mass, measure the distance between them, and then measure the foree f.

The determination of the constant ¢ in variation problems depends upon
the units employed in measuring the numbers that are proportional to
each other. In the well-known formula for the motion of a body falling
from rest, s = 1 g%, the constant, ¢ is approximately 82.2 only when ¢ is
measured in seconds and y in feet; if ¢ is measured in seconds and s in
centimeters, ¢ is approximately 981,

When in equations like s =: ¢¢2, ¢ denotes time and s space, the number
‘2 ¢ is called the acceleration.

EXERCISES

1. The weight w that can be raiced by a pull of p Ib. by means of a
pulley block varies as p, thatis, w = kp.  Find & if w = 250 when p = 100.

2. The height A of an object varies as the length 7 of its shadow at any
given place and time.  If the shadow of a pole 10 feet naly is 8 feet long,
find the relation between & and 2, Hence find the height of a building
whose shadow is 65 feet long.

8. The amount of extension e of an iron rod under tension of p 1b.
varies as p.  For a certain 10d ¢ = 0.009 in. when p = 1200 1b.  Express
e in terms of p.

4. The space traversed by a ball rolling down a rough inclined plane
varies as the square of the time.  1f the ball rolls 23 fect in 2 seconds,
what is the acceleration ?

6. Therc are £.54 centimeters in 1 inch. If in the formula s =} g¢?
8 is measured in centimeters and ¢ in seconds, what is the acceleration ?

6. The ordinate of a moving point varies as the square of the abscissa,
and when the abscissa is 4 the ordinate is 64. What is the equation be-
tween x and y ?

7. We know that the circumference of a circle varies as the radius, i.e.

*if ¢ and » denote circumference and radius, respectively, ¢ = kr. Meas-
ure the circumference of a circle with known radius and thus determine k.
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8. Boyle's law states that the volume v of a given quantity of gas, at
constant temperature, varies inversely as the pressure p, measured in
pounds per square inch. If, for a certain gas v = 2 cu. ft. when p =91
Ib., find the relation between p and ». Hence find » when p = 200 Ib.

56. Discontinuous Functions. In the previous section
graphs were discovered which coutained wu break or gap. For
example, in the graph of 2! it would not be possible to trace out
with a pencil point the curve between z=—1 and 2=+41
without removing the pencil from the paper. We say that the
function is discontinuous at x = 0.

Other examples of discontinuous funetions are numerous.
For example, the postage on written matter is “2 cents per
ounce or each fraction.” The postage to be paid on x ounces is
2 2 cents provided x is an integer. The dotted straight line of
, Fig. 14 does unot, however, rep-
7 17 resent the situation, for the post-
7 age is the same for all weights
4 7~ between zero and one ounce, then
- between one ounce and two
7 ' ounces, and so on. The real

situation is indicated by the series
of unit segments of straight lines
all parallel to the m-axis, and each
/ " having its right-hand extremity
in the line y =22, as in Fig. 14.
The function is discontinuous at
r=0,x=1, =2, .., constant for
fractional, and nonexistent for negative values of a.

67. Statistical Graphs. One of the most common, and at the
same time most useful, applications of graphical methods is the
representation of tables of statistics by graphs. Such a graph
is called a statistical graph. Statistical graphs are employed
extensively in the study of political economy and kindred sub-

Y

i
1

~

Fig. 14.
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jects, and, indeed, in the study of all subjects which involve
the collection and comparison of numerous data.
For example, suppose it be required to represent graphically the data

of the following table giving the population of the United States for each
decade from 1850 to 1910 inclusive.

Year | Poruratiox P,

1
I

1850 | 23,000,000 .
1860 | 31,000,000 - ~
1870 | 39,000,000 /
1880 | 50,000,000 w o

1890 | 63,000,000 /
1900 | 76,000,000 1.
1910 | 92,000,000

\\

0

LUl

s!
N

Taking 10,000,000 as
the unit of measurement
on the population-axis
and 10 years as the ) r
unit on the time-axis, = /
it is not difficult to see /
that the known points
of the graph are the
points Py, Pa, P;, Py, 10
Ps, Ps, and D%, of
Fig. 15. 0

B

N\

Miltion

n,

1850 1860 IN7U 1850 1890 1900 1910

It is usual to as-
sume that for the
first approximation the change is uniform between two con-
secutive known points so that the portion of the graph be-
tween two such points is a segment of a straight line. The
graph is then a broken line which may change its direction
abruptly from time to time. If desired the graph may be
“smoothed out” by drawing a smooth curve through the

known points.

F1a. 15,
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5 Another common
form of the statis-
. L | tical graph is ob-
tained by drawing
o b b 1 a rectangle with a
unit base and alti-
60 _ tude equal to the
length of the ovdi-
2 50 o - -l mnate. The value of
g the function corre-
S - sponding to a given
value of the inde-
. —fF———--4——| -—1— pendent variable is
then represented by
* S N an area instead of

by a length.

10 R P S

In the example just
0 given the graph would
0 (G070 ko (e [0 10 3 Ghtained by con-

Fi1c. 16. structing a series of rec-

tangles cach with unit

base and having for their altitudes the ordinates of lengths 2.3, 3.1, 3.9,
and so on. The graph is shown in Fig. 16.

Another form of statistical graph is obtained by using the
number of individugls reaching a certain standard as the ordi-
nate and the stundard itself as abscissa. Suppose a class is
marked according to the following table :

Number of Students 20

Grade . . 60 | 70

I 10
.| 50

= S
90 | 96

s | 18 | 60
| 80 | 85

50
"5

__r.‘_:r,._ -

The graph obtained by locating the points (10, 50), (20, 60),
(85, 70), and so on is called the curve of distribution of the
marks.
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It is important to note that for a statistical graph, no formula for the
function need be known.  Indeed in most cases oceurring in statistics, no
funetion formula can Le known.

EXERCISES

1. What does the graph in Fig. 15 show about the period of most
rapid growth in population ?

2. 'The high school attendance in the United States since 1876 is given
by the following table:

Year jl 1876 1880 1890 oo | 1010
I\tLLllddn« e . :

i*m.w, 26, 609 | 202 9(5‘} nw 251 01.) 061

Compare graphically the increase in high school attendance with the in-
crease in population, taking the data for population from the table given
above. Usc both forms of graph.

3. The following table gives the average weights of men of different
heights and ages.  Plot graphs of cach of the rows and compare them.

i Aak | Aon | Acr | Ade | Aar | Aur .\nnlA(m‘A(m Acr
Elour 16-24 | 20-29 0-5 4| 5539 | 0= 14 .’:U-.':li.‘:.’;—,’.ﬂ;(it)—('rt 65-69

| £

Lho | Lh | Lho | LL Lb. | Lb. | Lh. | Lh. [ Lh. | Lb,
Sfeet . . . . L1201 125128 11311133 1134 | 134 134 | 131 | —
5 fect Tinch., . . [ 122126129 | 131 | 134 | 136 | 136 [ 136 | 134 | —
5 feet 2 inches . .| 1241128 | 131 {133 {136 | 138 | 138 | 138 | 137 | —
b fect 3 inches . . [ 127 | 131|134 [ 136 | 139 | 141 | 141 | 141 | 140 | 140
5 feet 4 inches . .| 1311135 | 158 | 140 | 143 | 144 | 145 1 145 | 144 | 148
b feet Hinches . .| 134138 | 111 | 143 | 146 1 147 | 149 | 149 | 148 | 147
6 feet 6 inches . . | 138 | 142 | 145 | 147 | 150 | 151 | 153 | 1568 | 163 | 151
5 feet 7 inches . .| 1421147 | 160 | 1562 | 165 | 156 | 158 | 1568 | 158 | 156
b feet 8 inches . . | 146 [ 151 | 1564 | 157 | 160 | 161 | 163 | 163 | 163 | 162
5 feet 9 inches .| 160 | 155 | 15601 162 | 165 | 166 | 167 | 168 | 168 | 168
5 feet 10 mches L 164 1159 | 164 L 167 | 170 [ 171|172 [ 173 | 174 | 174
6 feet 11 inches. .| 159|164} 169 | 173 {176 | 177 | 177 | 178 | 180 | 180
Gfeet . . . . .|1656|170 | 1756|179 | 180 | 183 | 182 | 183 | 185 | 186
G feet 1inch, . .|170| 177|181 185 186|189 | 188 | 189 | 180 | 189
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4 The foll:owing table gives certain statistics of the Post Office during
the years 1902-1916. Draw graphs of all the columns and compare t,he\m

Uniteép StaTES POosT-OFFICE STATISTICS

o | N g o | S or
Yrars OFFICES m“;n:‘; MENT

1907 | 62,659 |463,406/$183,585,006
1908 | 61,158 [4560,738| 191,478,663
1909 | 60,144 |148,018| 208,562,383
1910 | 59,680 447,008 224,128,657
1911 | 59,237 [435,388] 237,879,823
1912 | 68,729 |436,469{ 246,744,016
1913 | 58,020 {430,293| 266,619,525
1914 | 56,810 [485,607] 287,934,565
1915 | 56,380 [433,334| 287,248,160

EXPENDITURE |———

AMOUNT PAID FOR

OF THE Compensation

DeprarTMENT

to
Postmasters

$190,238,288%24,675,696

208,351,886
291,004,102
229,977,224
237,648,926
248,525,450
262,067,541
283,543,760
208,646,026

25,599,307
26,500,802
27,621,013
98,284,064
28,467,726
20,126,662
20,908,515
30,400,145

Transporta-
tion of the
Mail

$81,000,849
81,381,421
84,062,508
85,250,102
88,058,922
89,154,811
92,278,517
98,002,421
104,701,200

5. Plot a graph for the following table

given ‘¢ head.”

TuroreTiIcAL VELOCITY OF WATER

of velocities of water with a

IN FEET PER SECOND

VELoC1TY, ) VELOCITY, VeLocny, . VELocITY,
S | Rpme ) B | pp e | v e | | p
10 25.4 25 40.1 515 59.6 86 74.0
12 27.8 30 43.9 60 62.1 90 76.1
15 31.1 36 47.4 85 64.7 95 78.2
18 34.0 40 60.7 70 07.1 100 80.3
20 35.9 45 53.8 75 69.5 125 89.7
22 37.6 50 66.7 80 71.8 150 08.3

68. Interpolation of Values of Functions.

The construc-

tion of a graph is usually accomplished by finding the values
of the function for a few isolated values of the independent
variable, and then drawing a smooth curve through the ex-
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tremities of the ordinates so determined. Frequently the
values of the function for intermediate values of the independ-
ent variable are not less important than the values for which
the independent variable is given. The process of finding
these intermediate values without reference to the function
itself is called interpolation. We have already made use of this
process,in connection with the use of logarithmic tables.

If the graph of the function whose values are to be inter-
polated is a straight line the intermediate values may be

Y
JUUNE SVIS [P S, SO
. foor
1’2(/
L~
B =R
L Yo,
Y.
n / l £3
N N
k73
Yz
‘V[ "l[ ]‘[!/
Of- T y X
. v J
——F L
Fia. 17.

found exactly. To find the correction to be added to y sup-
pose y; and y, are known values of the function corresponding
to the values z, and x, of the independent variable.

Let OM, =u,, OMy =1y, M P, =1, MyP,=1y, and let
MP =y be the unknown value to be interpolated between 3,
and y,. (See Fig.17.) Draw PN, parallel to the z-axis. Then
2= NP is the correction that must be added to 7, in order to
obtain y = MN + NP. For, from the similar triangles NP,P
and N,P,P,,

NP:N,P,:: PN: PN,
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But NP =12, NyPy =y, — 11, 1N = — x}, and PNy = x) — @y,
so that the proportion may be written
ZiYo— Yy =X — Xy Ly — Xy,

Consequently,

x--2
13) g= == (g2 — ).

Xy — &)
In this expression @ — @, @ — @, and 7, — ¥, are all known, so
that the correction z is readily found. 1f the functioun in-
creases with @ the correction must be added to y;, if it de-
creases with 2 the correction must be subtracted from y,.

If the graph of the function is not the straight line Py
but the curve P,CP,, the true correction would be V¢ and not
NP. However, for elementary work it is sufficiently aceu-
rate to assume that the graph is a straight line between two
near-by points Py and P..  The correction is therefore found in
all cases by means of formula (13).

ExampLE. Suppose we have given
(5.56)% = 30.0136 and (5.57)% = 31.0249

and wish to find (5.5642)2 to the same number of decimal places. The
problem is therefore to interpolate a value of the function 2 between the
values for 5.56 and for 5.57, The difference y2 — yp is 1113, Also we
have

oy 0082 42

ra— gy 0100 1007
The correction z is, therefore,

4 N .
f1526 x 1113 = 0467,

and we have approximately,
(5.5642) = 30.9603.

This result could have been found easily by other means, but there are
many cases where interpolation is practically the only method available.
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EXERCISES

1. Vbt = 23.5797, and vB5hT = 23.6008. Iind v/556.34.

2. V460 = 77104, and V161 = 7.7250. Find V360.50.

3. The areas of two circles with radii 6.52 and 6.53, are 33.3878 and
33.4901, respectively.  Find the arca of 4 circle with radius 6.5231.

4. Log 2513 = 3.40019 and log 2514 = 3.40037. Find log 2513.7.

6. The population of Chicago was 1,698,575 in 1900 and 2,185,283 in
1910. What was it in 1906 ?

59. Zeros and Infinities of a Function. A zero of u
given function is a value of the variable @ for which the value
of the function is zero. In symbols x; is a zero of f(z) if
JS(x) =0. An infinity of a function is a value of = for which
the function becomes infinite. Thus, 2 is a zero of the fune-
tion 22 — 4. Again, 2 is an infinity of the function 1/(x — 2),
or of the function (22 — T +11)/(x — 2). The real zeros of
a function are represented graphically by the abscissas of
points where the graph crosses the z-axis.

EXERCISES

1. DPoint out zeros and infinities of the following functions, as far as
possible.

(@ 20+ 4. () (4B @o+ D). (e=D(x=2),

() 1+ 1. () (5=0)(3—x). (£ —38)(x—4)

(¢) fuw—2 6] ! -

(d) 2.x. w2 n) - Ij:‘i'—_‘ -
S (]l) — 3 . V9 — a2

(e) Vie—3. Vit

(/) Vi - D" . (o) =22

@ (&= 1) -2). Var = vVt~ 4

2. The graph of a certain continuous function f(z) is negative for
x = q and positive for = b. Show by graphical representation that the
function has at least one zero between x =¢a and 2z =5, Can it have
an even number of distinet zeros between x =g and w = b ?
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60. Implicit Functions. If an equation exists between two
variables, it is frequently possible to solve the equation for
one varidble in terms of the other. , The first variable is then
expressed as a function of the second. For exawmple, if

w2+y2=4’

we may transpose the term 22 and take the square root of both
sides of the resulting equation. The final result is given by
the equation

y=ViTH,
which is implied in the equation
a? + y2 = 4.

A function which is implied by a mathematical relation in
the form’ of an equation is called an implicit function. The
function exists even though it may be impessible to find its
form, as in the example just given.

The graph of an implicit function may always be constructed
if the form of the function can be found; otherwise the con-
struction is usually impossible by elementary means.

As in the example given above, the process of finding the
form of the function frequently leads to a function having
more than one value for each value of x The function
y=V4 —a* found from the equation 2? + y2=4, has two
values for every value of x, one positive, and the other
negative.

EXERCISES

1. Construct the graph of the function of x determined by each of the
following equations.

(a) 22 + y2=4. @ =zy=2.

) z2—y2=4. () axly=2,

(¢) 22+3y+7=0. (f) ey =1.



CHAPTER VI
QUADRATIC EQUATIONS WITH ONE UNKNOWN

61. Definitions. A quadratic equation with one unknown
is an equation which has, or may be reduced to, the standard
form
@ ax?+bx +¢=0,

where @, b, and ¢ are constants, and x is the unknown number.
The equations

' B oA
302 —Ba4+4=0, hat=6—3z 3a:="-'?3:-3,
&

are all quadratic.

The numbers a, b, and ¢ are called the coefficients of the
equation. The number ¢ is called the constant or the absolute
term. .

A number is said to satisfy an equation if, when it is sub-
stituted for the unknown number, the two members of the
equation become numerically, or identically, equal.

For exawple, 2 satisfies the equation

' 2?—5x4+6=0,
since
2-5-2+46
is numerically equal to zero.
Again, b/u satisfies the linear equation
. ax = b,
since
a X (b/a)=d.

A root of an equation with one unknown is a number which
satisfies the equation.

79
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62. Solution of the Quadratic Equation. If the equation
1) ax*+bx+c=0

be divided through by «, and the term ¢/a in the resulting
equation be transposed, it is reduced to the form

c
a}+ =
a

Completing the square of the left member by adding b2/4 a2 to
both sides, we obtain the equation

» e
2 €L S
v +(L +1u2 10> o

b _¥—tac
<m +P§a> Cda

Extracting the square rvoot of both sides of this equation, we
have

or,

x+__ e~ ;\{l_,_“—__l'_(ft’

2a Sa

and finally, by tmnsposil'lg the known term :—}-,
u,

Il

: - 4 ac
(2) ‘) - \/b ‘)a

Equation (2) gives two values for z in terms of the coeffi-
cients of equation (1), one for the positive and the other for
the negative sign of the radical part. That both these values
satisfy equation (1) and ave, therefore, roots of it, may be
seen by actually substituting the values for x and showing that
the resulting equality is an identity.

Equation (2) may be looked upon as a formula for the solu-
tion of any quadratic equation which has been reduced to the
form (1). It is much better, however, to master the process
and to solve each quadratic equation by the method used
above.
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Thus, to solve the equation
32 —5x—6=0,
it is better to go through the successive steps :
B2—tx—-2=0,
Pojrtip=5+2=%,

5 VT
x 8 =% e
5, VT
r= 6 + G
EXERCISES

1. Solve each of the following equations.

(a) 2 —=Tx—11 =0, (f) ma?—ne=np.

?) 202 -T2 —13=0. (g) ** — 522+ 6 =0.

() 2o =12 — 11 22 () «b—bxd4+6=0.

(@) 82 —1T =4z (1) (@—a+3x—a)— 14 =0.
(e) ox?— 14 = br. (J)) 6(m+n)2+b6(m+n)—4=0.

2. Find ¢ from the equation
s= 3¢t + vt + v,

8. The difference between two numbers is 4 and their product is 21.
What are the numbers ? Explain the double result.

63. Solution by Factoring. By the method of § 19 every
quadratic expression may be reduced to the ditference of two
squares. For, clearly,

ax2+bx+c=a(m‘l+(’x +9->-
a a

If 12/4 a®be added to and subtracted from the expression in
the parenthesis, the quadratic equation takes the form

<.r2 + b, T A 4(1,6) 0,

a 4 q? 4 2

2 b2 — 4 ac\?*
[+ - (V) J-e

or,
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By the method of factoring the difference of two squares, the
equation is reduced to the form

b Vot — 4 ac ViE—4ac
®) a<w+5—a- e >< +2 + ¥ ) 0.

By hypothesis, a is not zero; consequently, either

b c_ ' Vit —4ac_
(4) x+§—t~z —-—-2";1— -—0, or m+———~+———2~d————-——0,

since a product cannot be zero unless at least one of its factors
is zero. The two equations (4) are both linear. 1f » and r,
denote their roots, then

Vot —4dac __ b —4dac,
®) T"‘"‘*‘"“"'za T =Ty 2a

2—_——_”

These solutions are identical with (2) of § 62.

1.0 _Vbi—dac . b +\/b-——4ao

o 7a 7a in equation (3) be

replaced by their values — r, and — 7, we may write
(6) ax?+ bx + ¢ = a(w — m)(x — r,),

where 7, and 7, are the roots of the quadratic equation.

From the identity (6) it follows that a quadratic equation
may be solved by factoring the left member, after the equation
has been reduced to the stundard form.

EXERCISES

1. Solve each of the'following equations by factoring.

(a) 22— bx+46=0. () 22— 62+ 7=0.
(b) 22 -T2 +10=0. (d) 922 — 122 +4=0.

2.. Solve each of the following equations by factoring. First reduce
the right-hand side to zero.
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() 22=10z+21, (©) (x-3)(x—-4)=1%
) 1222=172—0. @ x-2)(x-56)=4
8. Solve the equation x3 = 64.

[Hint. Transpose the constant term and factor.]

4. Solve the equation z* = 81.

6. By means of the identity

ax? + bx + ¢=ax? + bxr + ¢ —(ar? + br + ¢),

where 7 is a root of the equation a«2 + hx 4 ¢ - 0, prove that x — r is a
factor of the gquadratic function «x* + bx + c.

- 64. The Formation of a Quadratic Equation having Known
Roots. By means of the identity (6), it is possible to build
up a quadratic equation having any two numbers, Teal or
imaginary, us its roots.

If, for example, the roots of a guadratic equation are 3 and 5, the
equation must be

(@—3)(x—56)=0, or 22—8x+15=0.

EXERCISES

1. Construct the equations whose roots are as follows,

(a) 2, 4. (@) 2+V38,2—-V3. (9 1, V3.
pi—dg Vpi=4

(0) 8, ~T. () p+Va, p=Va. (h) =B+ YEZH, _B_ Yol
(&) —4, =3. (f) —V3, V3. ) 0, 2.

2. What is the simplest quadratic equation whose roots are both zero ?

8. Prove that if the roots of a quadratic equation are conjugate radicals
A+ VB and A— VB, where 4 and B are rational integers, the coefficients
of the quadratic are rational integers. Is the converse true ?

4. One root of a quadratic equation with rational coefficients is 8 + V5.
What is the equation ?

6. Prove that the expression ax? + bxy + cy? may be resolved into two
, linear factors that are rational in  and y, though not necessarily rational
in the coefficients of z and y.

6. In view of what has gone before, can you factor 27 4 y2?
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65. Character of the Roots. The roots of a quadratic
equation
axt 4+ bz +c =0,
may be either real or imaginary. (Sce §33.) If «, b, and ¢

are real numbers, the sign of the quantity »? — 4 ac determines
the character in this respect of the two roots

h +_\/ﬁ‘~’_— 4ac and b \/b2—4ac.

"n=—s- s
2a 2a 2a 2a

Clearly, if 1* — 4 ac is positive, the roots are both real ; and if
b* — 4 ac is negative, the roots are both émaginary. Moreover,
if 92 — 4 ac is zero, the roots both reduce to — b/2a, and are
therefore equul.  These results may be stated in the following
theorem :

The roots of the quadratic equation

ax? +bxr 4 ¢ =0,
with real coefficients, are
(a) real and unequal, if V*— 4 ac > 0;
by real and equal, if 1? —4ac=0;
(¢) tmaginary, if b2 —4 ac < 0.

To say that the roots of a quadratic equation are imaginary does not
mean that they do not exist, but rather that the facts given by the equa-
tion are incapable of geometrical or physical interpretation in the ordinary
sense. For example, if the hypotenuse of a right-angled triangle be 20
and one leg 25, the third side is given by the equation

a2 4 252 = 202
or,
52 4225 = 0.

The roots of this equation are imaginary and, as we know, the triangle is

imnpossible.

Another characterization of the roots is fully as important
as the preceding one.

B
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The roots of a quadratic equation with rational coefficients are
(a) rational, if V* — 4 ac is zero or is a perfect square ;
(b) trrational, if b2 — 4 ac is neither zero nor a perfect square.
The number b2 — 4 ac is called the discriminant of the quad-
ratic equation.
EXERCISES
1. Find the discriminant of cach of the following equations.
() 22 —bx+ G =0. (¢) 402=12249.
(b) 842 =Tz +8=0. (d)ﬁx:i‘;i.

2. Determine the character of the roots in each of the following equa-
tions without solving.

(a) $2=107+40=0. (b) 322+14x -16=0. (c) 1022—17 z+1000=0.
8. What value of k will make the roots of the equation
cqual ? 3ut—bGax +2k=0

4. Suppose the equation 52x2 + bx + 20 = 0 is subjected to the con-
dition that its roots must be equal.  What is the value of b ?

5. For what valuesof b will the equation in problem 4 have imaginary
roots ?

6. The law of motion for a body thrown vertically upward is given
by the equation s =— 10.1 ¢ + vt where » is the velocity with which it
is thrown, s the space, and ¢ the time. If »=100 feet per second, in what
time will the body be at a distance of 100 feet above the earth ? Tnter-
pret the results.

7. Under the conditions of problem 6, at what time will it be at a
height of 25,000/161 feet ?

8. Under the conditions of problem 6, at what time will the body be
at an altitude of 200 feet ? Interpret the result.

9, What must be the initial velocity in order that a body thrown
vertically upward shall rise exactly 100 feet ?

10. Prove that all quadratic equations for which the signs of the coeffi-
cient of 2?2 and the absolute term are unlike have real roots.
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66. Geometric Interpretation. From the definition of the
roots of a quadratic equation

ur +br4-c=0,

it is clear that they are the zeros (§ 59) of the quadratic
function
ax? + bx + c.

The roots are, therefore, represented graphically by the dis-
tances from the origin to the points where the graph of the

Y

M| iy

W
\ il

W L)
W/
\\"/7

.0 \
Nl A

FiG. 18. o
function ax? + bx 4 ¢ crosses the g-axis. If the discriminant
b* — 4 ac of the quadratic equation is positive, the graph crosses
the a-axis in two distinct points as in I (Fig. 18). If b*—4ac

.



VI, § 67] QUADRATIC EQUATIONS 87

is equal to zero, it touches the a-axis, which is sometimes ex-
pressed by saying that the graph crosses the axis in two
coincident points. If b2 — 4 ucis negative, the graph does not cut
the 2-axis, but lies wholly on one side of it. In the last case
we may say that the graph cuts the z-axis in two ‘maginary
points.

It follows, therefore, that when 82 —4ac< 0, the sign of
ax? 4 bx 4 ¢ is the same for every value of x except when the
funetion is zero. If 12 —4ac>0, however, ax? 4 bxr + ¢ is
positive for some values of z and negative for others. For this
reason the function ax? 4 bz + ¢ is said to be definite when
0* — 4 ac<£0 and indefinite when 02 — 4 ac > 0.

Note. If the quadratic expression is definite, a single value of z will
suffice to determine whether the sign is always positive or always negative,

EXERCISES

1. The graphs I, II, and IIl in Fig. 17 are the graphs of the functions
22 — bz + 7.20; 22— b + 5.25, and #2 — 5 + 6.25. To which function
does each graph belong? Trove your statements.

2. Tell without constructing the graphs of the following functions
which graphs cross the z-axis, which touch it, and which do not cross it :

(@) 3x*+Tx—6. ) 8x2—T72+06. - (c) 922—24x + 16,

3. Sketch roughly the graph of a quadratic function belonging to the
guadratic equation whose roots are 4 and 6. Is there more than one
such graph ?

67. The Sum and the Product of the Roots. When tne
right member of the identity (6) of § 63 is multiplied out it
takes the form
) ax? + bx +¢ = ax® — a(ry + ro)x + aryr,.

Then
®) be + ¢ = — a(ry + r)x + anry.
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Since an identity is true for every value of @ for which both
members are defined (§ 16), the value z =0 gives

argy = ¢,
or,

©) Ty =Ce
Also on account of (9), the identity (V) is furthes reduced to

the form
be = — a(r + ),

from which it follows that

(10) ritr==".

EXERCISES

1. Write down the sum and the product of the roots of each of the fol-
lowing equations without solving the equation.

(@) 822 — ba+16 = 0. (¢) 82— 1T =4 r.
() —22+Tx+6=0. @z+82+t4_¢,
x*

2. Find 7, + 7 from formulas (5), § 63, by dircet addition.

3. Find rr, from formulas (5), § 03, by direct multiplication.

4. Find the value of the symmetric function »§  »5 of the roots of the
equation ax? + bz 4 ¢ = 0 in terms of the coefficients.

[Hint. Square both sides of the relation »; 4+ 7, =— b/a.]

6. Find the value of r; — 1, for the equation as? + bz + ¢ = 0 without
using formulas for r; and #,.

[Hixt. From (7 + rg)? subtract 4 ryry.]

6. If x; and x, are roots of ax? + bx + ¢ =0, tind the equation whose
roots are «f and x2,

[Hint. What are thescoefficient of z and the absolute term in the new
equation ?]

7. 1f 2y and x, are roots of ax? + bx + ¢ = 0, find the equation whose'
roots are x/x; and 22/x;.
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68. Equations containing Radicals. The unknown num-
ber in an equation frequently occurs under one or more radi-
cal signs. After clearing the equation of fractions both sides
must be raised to powers corresponding to the indices of the
radical signs as often as need be to remove the radicals.

For example, the equation
Vi —1ll=2—3

must be squared once. The resulting equation is easily reduced to the

equivalent equation
*r—-122+4+20=0,

whose roots are 3 = 2 and x5 = 10,

In solving such equations great care must be exercised since
raising both sides of an equation is liable to introduce extra-
neous roots, that is to say, roots which do not satisfy the
original equation. Any such extraneous root must be dis-
carded, as it is not, properly speaking, a root.

For example, the cquation

r—2=3
has a single root, x =>5. But if both sides are squared, the resulting
equation is a quadratic equation
2—4r+4=9,
which has the two roots, = 5, and » =— 1. The root x =— 1 does not

satisfy the original equation and is therefore extrancous.
1f it be stipulated that in the equation

Vor—11=x~3

the radical shall have the positive sign only, the root x =2 obtained
above will not satisfy it, while if it be stipulated that the radical shall
have the negative sign, the root x == 10 is extrancous.

In solving equations containing radicals it is therefore nec-
essary to test every root found by substituting it in the original
equation. Unless stated explicitly to the contrary, it is under-
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stood that every radical expression in the given equation is to
be taken with the positive sign.

EXERCISES

1. Find the values of the unknowns in each of the following equations.

(@) VEF9—vi=1 (©) &+ Ve T = et s
) Ve ¥T+Va=1. , | ye—ax
(@) 22411 + Va? + 11 =42,
(e) V2EF9—Vi—d=Va 1.
) Ve=DE=2)+V(E—3)(c—1) =V
(9) V& —2+Vb:+r=a+b.
(h) Vr4Ve—5_25—5

VE—Vie—5 5

[Hinr. Rationalize the denominator. ]

O) 6VetVr-6 =2r— 6.
Vi —Vz —0

2. Solve the equation +Vi + 1 =0 and verity the solution.

What
is the cause of the difficulty ?



CHAPTER VII
SYSTEMS OF LINEAR EQUATIONS. DETERMINANTS

69. Two Linear Equations with Two Unknowns. In
many problems it i3 required to find several unknown num-
bers which satisfy several equations at the same time. Such
a set of equations is called a system of simultaneous equa-
tions, or, briefly, a system of equations. The simplest system
of equations consists of two linear equations, that is, two
equations of first degree with two unknowns. Such a system
may be written in the form
1) (@ 4+ by = ¢y,

[ @ + Doy = €.

By the well-known method of multiplying the first of these
equations by by, and the second by &, then subtracting the
two equations thus found, it may be shown that

@ o= b =Gy
0 =
b, — a,b;

Similarly, using a, and a; as multipliers, we find

(3) g =00 80,
a,b; — ab,
1f each of the expressions on the vight of (2) and (3) has a
meaning, that is, if the common denominator is not zero, the
pair of values of x and y is called a solution of the system,
according to the following definition :
A solution of a system of equations is a set of values, one for

each unknown, which satisfies every eguation of the <ystem.
91
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The final test of a solution is that when the values of the
set are substituted for the unknowns, all the equations of the
system reduce to numerical equalities or to identities.

EXERCISES

1. Solve each of the following systems of equations and verify the
solutions found.

x4+ 7Ty =10, 3 42 , 10

3 =4 =

(@) {8x—4y=20. © N
(Tx~4y~14=0, 8—dy=3ux

® {sz4+8y—12=0. [po=8y+14,

@ {8=2u

« 70. Determinants. The expression a,h, —a,b,, which occurs
in the denominators of both 2 and y, is called a determinant of
second order, and when it has reference to the system of
equations (1), it is called the determinant of the system. The
determinant a,b, — axb; is usually written as a square array in
the form

O]

ay bl

ay by

The numbers a,, ., b, b, are called the elements of the
determinant. The terms b, and w.h, are formed by taking
one element, and only one, from each row and each column of
the square array.

Clearly, ¢b; — &b, and aj¢; — ase; are also determinants
which may be obtained from the determinant a;b, — a,b; by
replacing, first, the a’s by the ¢’s and, second, the b’s by the ¢'s.
Hence the solution of the system (1), § 69, may be written in
the form

e b a, ¢

e b — 2 ol
(5) - lax b’ v= a b
a: b (/23 b,
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The equations (5) may therefore be translated into the fol-
lowing rule, called Cramer’s rule, for writing down mechani-
cally the solution of any system of linear equations in which
the number of equations is equal to the number of uuknowns.

For the denominators, write the determinant of the system.
For the numerator of each wunknown, write the determinant
obtained from the determinant of the system by replacing the
coefficients of the unknown by the absolute terms.

EXERCISES

1. Solve the following simultaneous systems.

2a4+3y=4, Tx+ 11y =35,
(@ {31’—51}:—.7. (@ {8:(:—31/:21.
(T —3y=12, [ mx 4+ ny +p=0,
* 16.( +4y=17. (&) re+sy+t=0.
(bx—d4y+14=0, 4 5
(© 5 s xa
16c+5y+17=0. () 15Fy 124

22+ 6y =36.

Burdy+3 20+T—y_ 5 y—8
10 15 b5
@ Voyssr-8 riy_To+0
12 4+ 1
5_ T4, cmyn_ g
x oy R -
k O]
* Z+.B,=42' Pyd_yp,
roy lae y

[Hm’r. Solve for 1 and 1 J
S Y

2. Find two multipliers &1 and ks such that when the equations of the

system
3r+4y =20,
bx+8y =11,

are multiplied by & and k» respectively, and added, the coefficients of %
and y in the new equation will be 4 and 0.
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3. Two children weighing 25 and 40 pounds, respectively, are riding
on a ‘‘tecter board? 14 feet long. low far should the support of the
board be from the lighter child in order that they should just balance ?

[Hint., 'The mechanical principle of the lever that is balanced is given
by 10,d; = wuds, where w and w; are the weights and d;ds. their respective
distances from the fulerum.]

‘4 A grocer has two brands of coffee worth 25 and 40 cents a pound.
Iow many pounds of cach must he take to make a mixture of 100
pounds worth 35 cents a pound ?

6. From Ex. 4 find the relative amounts of each brand regardless of
the amount of the mixture.

6. Coffee worth « cents a pound is mixed with coffec worth » cents a
pound to make a mixture worth ¢ cents a pound. (iive the rule for mak-
ing the mixture.

7. A goldsmith wishes to mix 10 carat gold with 18 carat gold to

make 20 ounces of 14 carat gold. How many ounces of cach must be
taken ?  [Pure gold is 24 carat.

71. Graphic Solutions. In §§48 and 49 it was shown that
the graph of a linear equation in two variables is a struight
line. The system (1),

{alcr +by=c¢,
Ayl + byl = cg, -

is therefoye represented geometrically by two straight lines,
one for each equation.  In'general, the two straight lines will
intersect in a point and the coordinates of this point will
satisfy both equations. The covrdinates of the intersection,
therefore, constitute a solution of the system.  Consequently,
for equations in two unknowns, the definition of a solution of
a system given in § 69 may be translated into geometric
language by substituting for the words pair of values, one for
each unknown, the single word point, and for the words satisfies
all the equations of the system the words lies on ull the graphs of
the system. For greater clearness the two definitions are given
in parallel columnns.
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An algebraic solution of a
system with two unknowns
is a pair of values, one for
each unknown, which
isfies all the equations of the

sat-

95

The graphic solution of
a system is a point which
lies on all the graphs of the
systen.

system.

The approximate values of »

and y are readily found by con-

structing the two graphs on coordinate paper and then reading

from the paper the coordinates

of the interseetion.

For example, if it be required to solve graphically the

system,

{

the graphs may be constructed

224+3y=10,
Ja—Ty=4,

as in Fig. 19,

L LN e e
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- LN T D E
THIHH T AN TR HIE
-‘}_\" [ T -‘_t < P D-I TI1T11
- TR T T
SRR REAR i i}fi\,:’--'f.ﬁ-_f‘lzzf T
711 _|‘ 4. T J!- - ‘-\%; ‘I/ /.—‘_ T
. AR FET iy y/,}\__ _ i
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I Tk S NG
JH 10l ] SRS RN | 4-4--.\4'-.
Tl AT ResuaRhin
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g ARSRAu RRRRNuRRAR E RS npbnlunlhyhne
- :,;_;T Pt b b = e
FH A T W +F
I IO 1 L A O N T O O N
NN L b et e R e e
T e T T R
Fia. 19.

From the figure the coordinates of the point of intersection
are seen to be approximately, z = 3.6, y = 1.

With eodrdinate paper ruled
found accurately enough for m

to tenths the solutions may be
ost purposes.
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EXERCISES

1. Solve graphically each of the following systems of equations, giving
the results to the nearest tenth.

22z —-6y=117,

[8x—by=3, {
(@ {5m~}-2y=15. @ lpt3y=—12
:
® {5x—-4y=18. & \324+4y=12
Tx+3y=18, {1—3:0,
© {x+6y:10. D \sz—ty=12

72. Consistent, Inconsistent, and Dependent Systems.
Any attempt to solve the system of equations
2z 43y =5,
[ 6x+9y="17,
by the ordinary methods of elimination will lead to a con.
tradiction. For example, it is possible to eliminate = by
multiplying the first equation by 3 and subtracting the second.
But y disappears along with « and nothing remains hut the
untrue statement, 15 — 7 =0. Systems of equations which,
like the system just given, lead to a contradiction, are said to
be inconsistent. 1f the determinant solution of the system be
examined, it will be seen that the determinant of the system,
2 3
6 9 "
is zero. Since division by zero has no meaning (§ 14), it is
reasonable to expect difficulty in such cases. The real nature
of the ditticulty is most easily discovered by going back to the
general system (1)

O+ by = ¢y,
s + boly = ¢y,

whose solution is given in (2) and (3) in the form

—abp—oby e — g
ab, — ashy’ b, — aghy
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Tf, now, a,by — axh, = 0, division by — b;b, shows that
©) _E_ %,

But if b; and b, are different from zero, equations (1) may be
written in the form

»,/=_ﬂ'_l_m+c_!_,

™ noh
=Ty 4%,

Y=,

Since — a;/bjand — a,/b, are the slopes of the lines (§ 49), which
represent equations (1), it follows from (6) and (7) that if the
determinant ayby, — azhy is zero, the graphs of the system (1) are
parallel, and consequently do not meet in any finite point.

A pair of inconsistent linear equations in two unknowns is
represented yeometrically by two parallel lines.

If the numerators, as well as the denominators, of (2) and
(3) are zero, the equations are said to be dependent. For de-
pendent equations not only are the graphs parallel, but

(8) c1hg — euhy == 0, and ;e — @ye; = 0.

The equations (8) are easily reduced to the forms

() G9=% and =2

by by (ST
which show that the intercepts of the two lines are equal.
But if the slopes and the intercepts of two lines are respec-
tively equal, the lines are coincident.

A pair of dependent equations in tiwo wnknowns Is represented
geometrically by a pair of coincident straight lines, that is, by a
single straight line.

A system of equations which is neither inconsistent nor
dependent is suid to be consistent. Consistent systems have
always a common solution.
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EXERCISES

1. Determine in each of the following whether the equations are con-
sistent, inconsistent, or dependent, and construct the graphs for each
system.,

22+ Ty=>5, 3r—-6y=4,
(0 {4.r+14y:——5. () {4&:——81/:4.
- (r—2y=3,
Jr+1oy=12
) {m+5y=4. ' (@ |2r4y=5,
' L4+ 8y=1,

2. Prove that when the equations (1) are dependent it is possible to
find a constant &, which, used as a multiplier on one of the equations,
will produce the other.  Find &.

3. Can you recognize a system of two incounsistent or dependent equa-
tions in two unknowns without applying the determinant test?  If so,
how ?

4. Prove that if in the system (1) we have ahy — a2y =0 and
1Dy — 30y = 0, then also ajrs — oy =2 0.

5. Prove that the lines determined by the three equations

Aot Byr 0 MAz+ MBy ¥ MC =0,

Ax+ By + C=0, A
£+ By + TRl LA

are identical, and from the conclusion deduce the proposition that multi-
plication or division of o linear equation by a constant does not affect the
solutions of the equation, or the solution of any system of which it is a
part.

6. Show by drawing a figurc that a system of three equations in two
unknowns is, in general, inconsistent.

7. Given a system of three linear equations in two unknowns,
oz + by + 0 =0,

s + boy + c2 =0,
azr + by + 03 =0,

find the condition that the system shall be consistent by solving two of -
the equations for x and y and substituting the results in the third,
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73. Linear Equations with Three Unknowns. The general
form of asystem of three linear equations in three unknowns is

[ 4 by 4 ez =d,,
(10) Uyl + bty 4 ¢oz =1y,
g+ by 4+ ez = dy.

1f the first equation be multiplicd by baey — by, the second by

Uyey, — byeyy and the thivd by bey — byey, and the resulting equa-

tions be added, the coeflivients of y and z in the new equation

will be zero.  With both g and 2 eliminated we can find as the

value of &

(1) z= oy — dilges + dubgey — dubyey + dgbyey — dghyey
Wihaty — (ihyCy + iy~ ubyey - aghye, — ibaey

The denominator of this fraction is ealled o determinant of
third order. Tt contains nine clements whicin may be arranged
in the square array (12).

(12)

By inspection of the terms in the denomiuvator of , it will be
seen that the three positive terms are the prodnets of elements
lying ou the arrows that start downward and to the right, while
the three negative terms lie on the arrows ranging downward
and to the left. D is called the determinant of the system.
Morcover, it is clear that the numerator of x ditfers from the
denominator only in the substitution of dy, dy, d; for ay, a,, s,
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that is in the substitution of the absolute terms for the coeffi-
cients of . Hence ¢ can be found by Cramer’s rule (§ 70).

It can be shown in a similar way that y and z may be found
by the same rule so that the value of the three unknowns may
be written down as follows:

d b o )a, a, c¢ [al b, d,
dz b ¢ a, d, ¢, a, b, d,
d; b; e a3 d; c a; b; d
(13) polfs Us Gl _l6 & ol | _lay by dy
a'l bl Cy !al bl [ ay bl ¢y
a b, c a b, e . a, b, ¢
as b ¢ a; b; ¢ a; b; ¢
EXERCISES

1. Find the values of the unknowns in the following systeius.

Sx+4y—>5z=20, £+ 2y— 3z =8,
(@) & —3y+Tz=30, (© {z—y=4,
bx + 4y + z = 40. y+z==0.
2,3 by,
4z +83y—2z-10 =0, r y =
) 18z —2y+42—-20=0, (d) 1_2,4_g,
bx+y—2z+80=0. r vy =
3——1+g=5.
x Yy =z

2. Show that the multipliers coas — c3az, ¢t — €103, and cyas — Coqy
will enable us to find y as x was found at the beginning of this section.

8. Prove that the values of z, y, and z given in (18) are correct.
4. Ifx, y, 2 satisfy the system a1z + by +¢12=0, @sx + bay + €22 =0,

prove that

©x ¥ ®
b, ¢ | @
by €y Co oy

2

a, b
a; b,
[Hixr, Divide through b}; z, then solve for the ratios xz/z and y/z.]

(14)

|




VII, § 74] LINEAR SYSTEMS — DETERMINANTS 101

74. Applications. (1) Deteimination of equations of given
Jorm belonging to loci which pass through given points. For

example, the equation of a straight line may be written in the
form
y = ac + b,

but we know nothing about the line until the numbers @ and b
are known. From geometry we know that a line is determined
by two points. If, therefore, any two points on the line are
given, the numnbers a and ) may be found.

Suppose the line passes through the points (1, 2) and (2, 3).
The fact that it passes through the point (1, 2) is expressed by
the equation

2=a-140.

Similarly, the fact that it passes through (2, 3) is expressed
by the equation

3=a-2+0b
From these two equations we readily finda=1,b=1.
Consequently, the equation of the line passing through the two
points (1, 2) and (2, 3) is

y=x+1, or x—y +1=0.

(@) Functions with unknown cocfiicients. The law of motion
of a body projected upward in a vacuum and subject to gravity
is given by a function of the time having the form

s=— 1 gt* 4+ ot,

where s is the altitude, g the acceleration due to gravitation,
and v the velocity of projection.

An observer with a stop watch and a measuring line, notes
that at the expiration of 1 second the body is at an altitude of
"83.9 feet, and at the expiration of 6 seconds, at an altitude of
20.4 feet.
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To find g and » we have the two equations

{83.9=—-,}g+7),
204 =—18¢g+ 6.

From these equations
=32.2, and v =100 ft. per second.

(3) Alloys and chemical compounds. From two lots of brass,
one containing 2 purts copper to 1 part zine, and the other con-
taining 3 parts copper to 2 parts zine, it is desired to make GO
pounds of brass that shall contain 5 parts copper to 3 of zine.
How much must be taken from each lot?

If 2 and y denote the number of pounds required of each
kind
x4+ y = 60.
Moreover, 2/3 of the first lot, 3/5 of the second, and 5/8 of the
mixture, are copper. Ilence,
2 .3
3P 5Y=

From these equations,

i

X 60 =

NE

8

o= 22}, y=3TL

EXERCISES
1. The equation of a certain locus has the form
Ax? + By? =11
and it passes through the two points (3, 4) and (2, 1). What are the
values of 4 and B?
2. The equation of a circle in its most general form is
224+ yt 4+ ax + by + ¢ = 0.
How mzfny points are necessary to determine a circle? How do you de-
termine the number from the cquation ? What is the equation of the
circle which passes through the points (2, 83) (5, — 2) (— 3,4)?
8. Can a circle be drawn through the points (1, 2), (2, 4), and
(8, 10)? Give the reason for your answer in algebraic language.
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4. If we use the three numbers z, y, and z, to fix the position of a
point in space with respect to three given planes, the symbol for a point is
(, ¥, 2) and the equation

ar + by +ecz4+d=0,
is the equation of a plane. 'Through how many points can a plane be
made to pass? What is the equation of the plane passing through the
points (2, 3, 4), (4, 3, 2), and (V, 3, 4)?

6. The force y of the pull required at one end of the rope of a pulley-
block to raise a weight w, is given by the equation

f=a+b-w

If f=8.51b. when w = 100 1b. and /= 12.8 Ib. when w = 200 1b.,
find ¢ and .

6. The law for a body falling freely under gravity is expressed by

s=3gt 4+ vt + 5
where s is space, g = 32.2, vy is velocity with which the body is started,
and ¢ is time i seconds. 'T'wo observations made at the expiration of 2
and 4 seconds, give s = 204.4 feet, and s = 57.6 {feet, respectively. Find
the unknown constants vy, and s,.  Was the body thrown upward or down-
ward ? How do you know ?

7. If the boiling point of water is 7' Falrenheit at o height H above
sea level,

H=A4 + BT+ CT=

Find .1, B,and C, if T'= 212 when 17 =0, T = 211 when 17 = 516, and
T = 210 when I = 1030, )

8. The electric resistance of platinum wire changes with the tem-
perature, according to the equation

I, >
U= 1 — at + b2
R at + 0t5,

where R, is the resistance at zero degrees centigrade and B the resistance
at temperature ¢, If ;=10 and R = 10.786664 at 20" C. and B =
11.569056 at 40° C., what are the values of @ and & ¥

9. The melting point ¢° C. of an alloy of lead and ziuc is given by a

formula of the type
t=a+ bx + cx?,

where x is the percentage of lead in the alloy. Find @, b, and ¢ if
t = 133 when z = 0, ¢ = 233 when x = 50, and ¢ = 333 when z = 100.
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10. Find the values of A and u such that 23 + 422 4 2 \x + u shall be
divisible by z2 + 22 + A,
11. If the expression
ot +4x+The+ Spx+p
is divisible by
28 +222 43N + 2,

find the values of A, u, and p.



CHAPTER VIII
SYSTEMS CONTAINING NON-LINEAR EQUATIONS

75. The Linear-Quadratic System. The simplest system
of equations which are not all linear, consists of one linear and
one quadratic equation. Such a system is called a linear-
quadratic system and in its most general form is given by the
two equations
M { ax 4+ by ¢ =0,

Ax? + By? + Cocy + Dac + Ey + F = 0.

The linear-quadratic system can always be solved by solving
the linear equation for one of the unknowns and substituting
the value thus obtained in the quadratic equation. The re-
sulting equation will be a quadratic equation in one unknown
which may be solved by the method of Chapter VI. When
the value of one unknown has been found in this way the
value of the other is easily found from the linear equation.

The linear-quadratic system has always two solutions, which,
however, may not be distinct.

EXERCISES
1. Solve each of the following systems of equations.
(@) 3x.+4y=7, (@) 2x'—y=7,
222 — by? =0, a2 4y + Ty2 =12,
) 22 —by =86, (e) 8z 4+4y—9=0,
324+ 4y2=1. 322 —~Tuay+4y2+ 6x—3y+1=0

8x—~6y+4=0, I8x+2y-—14=0,
¢
© {zy=4. ” 1622 ~42y+Tye—x4 3y =0.
1056
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2. In the system of equations
l=a+(n—-1d, 8= g(a +1),

if a, d, and s are supposed to be known, tind the unknowns.

3. In the system of example 2, if I, d, and s are supposed to be
known, find the unknowns.

4. The sum of two numbers is 7 and the sum of the squares is 25.
What are the numbers ?

6. The sum of two numbers is 10 and the sun of their squares is 26.
What are the numbers ?

76. Geometric Interpretation of the Quadratic Equation in
Two Variables. A quadratic equation is represented geomet-
rically by a curve called a conic section, or more briefly, a conic.
A conic seetion is the curve formed by the intersection of a
plane with a right cone. It belongs to one of three types. It
is either an ellipse (of which the circle iy a special case), a pa-
rabola, or an hyperbola.

(a) The circle. Let C be a fixed point in a plane with
coordinates (a, b) (Fig. 20), and P a moving point with coor-
dinates (x, ). Draw the ordinates MC and NP, and draw CR
parallel to the x-axis meeting NP in B. The distance CP is
found from the equation

@ 0P = UR* + P~
From the figure OR =2 — a, and RP=1y —b. If the distance
CP be denoted by r, we have

M =(x —a)’+(y — b)?

which is the formula for the distance between the two points,
(a, b) and (x, y). If, therefore, the point P moves in such a
way that its distance from C is constant it will trace out a
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circle.  The cobrdinates of every point on this eircle will satisfy
the equation

) (@ —ay +(y — b2 =12,

Conversely, every equation which ean be reduced $o the form

(3) is the equation of a circle, for (3) states that the distance
between a moving .
point (%, y) and a fixed -t S
point (a,b) is always | | B
constant. v
Any equation which .
has the form —
4) a4+ Az i . mg/{ﬁ
+By+C=0
can be reduced to the
form (3). -1

For exawmple, the equa~-
tion

P24y —82 - 10y
+32=0

0) M N X
may be reduced first to 4
Fia. 20.

the form

2 -8 4 y?— 10y =~ 32,

and then, by completing the square for the termms in z and for the terms

in y, to the form
(=42 + (=52 =9

The equation is therefore the equation of a circle whose center is at the
point (4, 5) and whose radius is 3.

When @ and b are both zevo, equation (3) takes the form
(5) x4 Y = 9.2’

‘which is the equation of a circle of radius » and with its center
at the origin.
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(b) The ellipse.
In books on ana-
lytic geometry it
is shown that by

rroper choice of
0 Y axes and origin, the
— N / equation of any el-
lipse can be written
in the form
I
y2
+
Fia. 21. ) a
where @ and b are constants. The curve is an oval as
shown in Fig. 21. ¥
(¢) The parabola. As in T e e B
the case of the ellipse it may _| __ | __|__ | b
be shown that the equation of //
a parabola can be written in LT T
the form S S N /_. .
(M Y2 =2px, e /_ - -
where p is a constant. The |/ | | 1 1 7| 7|~
parabola 5 v
=4z S VRS SN PP O N S I
is shown in Fig. 22. T T T T
Similarly, the equation 1 - ~._\< N L
2% =2 py --ﬂ\
. -
represents a parabola which
is symmetric about the y-axis. — 7 - ——

(See p. 65.)

FiG. 22.
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(d) The Hyperbola. The equation of an hyperbola may be
written in the form

®) Y

where a and b arc constants, The curve has two parts as shown
in Fig. 23.

\f_'q: L _L /:/_

JONCE T AT

AnnnREREEEEAN

Fig. 28,

If @ and b in equation (8) are equal, the equation of the
hyperbola may be written in the form

©) xy =c,

whele ¢ is a constant. When the equation is written in the
form (9), the curve has the position as shown in Fig. 13, § 54,

The couic sections play a very importaut part in both pure and applied
mathematics. The graph of every equation of the second degree in two
variables is a conic section. The curves themsclves have an important
place in mechanics and astronomy. For example, the path of a body
'moving freely under the influence of an attracting body is a conic section.
Consequently, the paths of the planets about the sun are conic sections.
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The intercepts of a curve are the distances from the origin
to the points in which the curve cuts the axes. The a-intercepts
are found by putting ¥ equal to zero and solving for z, and the
y-intercepts ave found by making 2 equal to zero and solving
for y.

When the equation of the conice is not in one of the standard
forms (4), (5), (6), (7), (8), or (9), the curve may be constructed
by solviug the equation for yand then making a table of values
as in §46. 1t is important to note that for each value of x there
will be, in general, two values of y on account of the radical
sign that enters.

EXERCISES

1. Find the distances between each of the following pairs of points.
(@) (U, 0) and (8, 4).
(b) (1, 1) and (2, ).
(¢) (1, 0) and (5, 6).
@ (—1,7and (1, —=1).
(e) (x, ) and (¢, 0).
() (%, 9) and (— ¢, 0).

2. Find the equations of the circles with ceuters and radii as follows.

(@) Center (b, 6), radius 7.

() Center (5, — 7), radius 4.

(¢) Ceunter (5, — 7), radius 4.

(d) Center (— 2, — 3), radius 6.

(e) Center (— 5, 4), radius 3.

(f) Center (1, 2), radius 0,

(9) Center (G4 0), radius 0.

3. Locate the center and find the radius of each of the following
circles,
(@) 2+ y2—-62+8y—24=0.
() 2+ y2+6x+8y—2t=0.
(c) ¥*+y*—6x+4y—30=0.
(@) 22+ 92 —~ax+by—~c=0.
(e) e+ y*+4x+ 6y 4+ 208=0.
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4. Construcet the graphs of the following equations, giving the intercepts

and interpreting any imaginary results that occur.
(a) 22 + y* =36,
(D) Ha? 4 9y =45,
(€) b2 —9y=45. .
@ B2+ =2r+3y+1=0.
() ¥+ 42 —20—dy—10=0,
() vy =86.

77. The Graphical Solution of the Linear-Quadratic
System. The graph of the linear equation is a straight line
and that of the quadratic is w conie. Tt is a fundiumental
property of a conie that it may be ent by a straight line in
at most two veal points.  If there are two intersections, the
system has two real solutions; if the lines do not interscet,
there are two imaginary solutions.

EXERCISES

1. Solve each of the following systems, and interpret the results by
C()llﬂt[‘ll(‘tlll;‘ the graphbs.

(“) oy =4, (e j.)'r+4)/+1.:0

\a22 + 2 = 16, L W=7 =0

=0

b Loy =4, da j 2x + 3y y
(#) {Jl—yﬂzl(‘). @) L1602 4 25 2 = 400,

2, One point woves in such a way that its distance from the y-axis is
3 times its distance from the r-axis, and another moves along the circle
whose radius is 5 and whose center is at the origin.  Where do the two
paths cross ? ‘

3. Find the value of & such that the straight line y = 2 » 4 & will just
touch the circle 2 4 y< = 25.  What does the double sign for the radical
in your answer mean ?

78. Systems Linear in x® and y% Such a system is neces-
sarily of the form
[ et > 2 = ¢y,
(10) x4 blllq €
ayx? 4 byy* = Ca.

From this system the values of 2 and »2 may be found as in
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systems of linear equations. The values of  and y are then
found by a simple root extraction.
In this case there are always four solutions, which are
obtained by using all possible combinations of signs for = and y.
The system is represented graphically by two conics which

.
N L
\ 11 1

— B — D B P -

TN AN
.. 7/ e T —reee | -
A S

Fia. 24.
may interseet in four points, or in two points, or not at all
(Fig. 24). What is the character of the solutions in each of
the three cases ?
EXERCISES
1. Solve each of the following systems of equations.

(a){5m2+7y2=8, o [Br-de-11=0, {3m3+14y2=63,

422 —-6yt=9. (8224+4y2—11=0. 22492 =09.
®) 6x2+1492—T7=0, @ {8902— 6yt =15, ) (2x3 4+ 3y3 =100,
322 +8y2—90=0. 522 4+ 3y2=15. 33 — 498 ="1756.

2. If the two conics
42249y *=Fkanda?—42=4

just touch each other, what is the value of &, and in what points do the,
conics touch ?



VIII, § 79] NON-LINEAR SYSTEMS 113

79. Systems of Symmetric Equations. An equation in two
unknowns is symmetric if it remains unaltered when the un-
knowns are interchanged. The most general form of a system
of symmetric quadratic equations is

(1) [m2+y2+ula'y+b;(:v+1l)=cu
L + Y2 + ayey + by -+ y) = ca.

A symmetric system may be solved by first making the sub-
stitution
12) r=u4v, Yy=u—7

The original equations then become
g 1

(]3) { (2 + (l])'L2 +(2 —_ Clvl)'l’ll + 2 bl'll = Cyy
24 )1 (2 — ) 0? + 2 byu = ¢y,

When 2 is climinated from equations (13), a single quadratic
equation in wu is obtained. This equation can be solved for w,
and either root substituted in one of the equations (13) will
give avother quadratic in v from which v may Dbe found.
‘When v and » are both known,  and y may be found from
equations (12). There are four solutions.

EXERCISES

1. Solve each of the following systems of equations.
(@) {,.2 ¥+ 3y + 4(r + y) =23,
224yt —4day +2(x +y)=3.
Q) {2(332’*'?/2) +3ay—>5(x+y)=19,
(a2 ) —2zy+4(r+y)=47.
© { by + 6(x + y) = 1564,
2(a2 + )+ 6(r + )= 12T,
@ { 3(x% + ) — By + 12(x + ¥) = 135,
4(o 4 y?) + Tay + 13(x + y) = 697,
xy = 45,
{ 32 + ) —O6ay + 11(r + ) =11,
a2 4 y? = 29,
{21’«‘ +6ay+ 292 T(x+y)=22

(e)
)
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2. Find multipliers k; and k2 for equations (11) such that when the
multiplied equations are added, the result will be a éi'ngle equation of the

form
22 4 y2 + 22y + (kydy + kaba)(x + y) =k1cy + Kaca.

8. Solve the system
(a2 4+ 92 +4ay+6(x+y)=231, .
@y 8ay—d(x+y)=9,
by finding an equation similar to that found i Ex. 2, and then finding
from this equation two linear cquations.

80. Systems with all Terms of Degree 2 or 0. Such a
system has the form
(14) ;’ ax? + byt + ey = d,

1 @®® + Boy? 4 Cyiry = dy:
To solve this system, let y = va, and find
(15) (al + b"'"‘! + 8177).'.02 = d],
(ag + b2 + cov)a? = dy.
The elimination of 2? leads to an equation in ¥ from which two
values, v, and v, are found for ».

Either oue of the equations y = v, or y = var together with
one of the original equations forms a linear quadratic system
from which # and y are readily found. There are four solu-
tions. Why?

EXERCISES
1. Solve each of the following systems of equations.
a0 {3xz+5y2+4zy=31, g {3x2—7y2+8:ty=73,
( b2 4 4y?—62y=29. (D) 452 4 ry == 20.
5 222 —6y? + 14y = 30, ( {ﬁy‘z-—-{)fy:(}(‘),
® 1524792 —14ay=—09, 9 322 4+ day = 228,
a2 —6y? + by =—12 222 — Txy =18
© {im A O A
422+ Ty — 2y ="T3. 32245 y?— xy = 42,
2. In either of the equations (14) — x and — y may be substituted for

+ z and + y respectively without altering the equation. What is the
geometric significance of this fact ?
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81. Systems solved by Various Devices. No solution of
the most general system of simultaneous quadratic equations
in two unknowns can be given at the present time since such
a solution involves the solution of an equation of the fourth
degree. It is possible, however, to find solutions for many
special systems of quadratics as well as systems involving
equations of higher degrees.

EXERCISES

1. Solve each of the following system of equations.

o (ZIEnnT e (S
o IR 2

o {775 @ {50

@ [ ® (50

2. After appropriate substitution of new letters, solve each of the
following systems of equations,

m1/3+yl3=5, {2‘—!-_?[:‘-4'
@ {a' + y = 3b. © w -yt = 82,
[2V/2 4 y1/2 =4, g4yl 3= B,
) a2 4 y¥/2 = 28, (@) { 2l 2 4 2% = 18,

8. Could you have forctold the symmetric form of the results in
problems 2(a) — 2(c) ?
4. Prove that the climination of y from the system
(et 2 =20 =4y —20=0,
o 4 26 y? = 25,
leads to an equation with rational cocficients of degree 4 in 2. What is
the geometric meaning of the result ?
5. Prove by means of two cquations cach having the form
224y ar+by+c=0,
that two circles cannot intersect in more than two real points.
[Hint. Subtract one equation from the other. The intersections will
lie on the graph of the resulting equation.]
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82, The Graphic Solution of Quadratic Equations. The
accurate construction of the graph of a quuadratic function in
itsclf constitutes a graphic solution of the corresponding
quadratic equation when the roots are real. Another solution
more in harmony with the methods for the solution of equa-

tions of the third and fourth
" degrees is given here.

. Let the quadratic equation be

Y

— (16) auw?2+br+c=0,
and let

y =l

The equation (16) is then equiv-
Ll .~ L4 alent to the system

4 - (17) Y = ua?,
X / ay + bx 4-'¢ =0,
/ When the roots are real, their
x 0 ¥ approximate values may be read

—= off directly from the intersec-
tions of the parabola y=a?
and the straight line ay + ba
+e¢=0. 1f the roots are im-

aginary the fact is apparent at once from the figure.

Fia. 25.

ExamperLe. Let it be required to solve graphically the quadratic
equation 2" .
3x2—22—3=0. '

The solution is found from the intersections of the parabola y =x? and
the straight line 8y — 22 — 8 =0. The approximate values as read off
from Fig. 26 arc x; = 1.48 and 2y = — .83.

The parabola must, of course, be drawn with care. This can be done
by plotting the points for fractional values of z. With a good copy of the
parabola cut out of cardboard, and a ruler, graphic solutions of quad-
ratic equations may be found rapidly.
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EXERCISES

NON-LINEAR SYSTEMS

1. Solve graphically each of thie following equations.

(@) ®2—42+1=0.
®) et—d4zx—3=0.
(¢) 422—82—-3=0.
(d) 922 — 86+ 23 =0.

() ©2—6z+89=0.
(f) a* =102 + 26 =0.
(9) 22 =40 —97=0.
(h) 222 ~8x—431=0.

117

83. Graphic Solution of the Incomplete Cubic. Any cubic
equation is easily reduced, by a process that will be explained
in § 100, to the so-called incomplete form,

(18) rad 4 puoe 4 qg=0.

If y = a*, this equation is equivalent to the system

(19) l

The graph of the first equation
is the graph of the power
funetion 23 and the graph of
the second is a straight line.
The approximate values of the
roots are easily read off from
the intersections of the two
lines.

Exampre. Solve graphically the
equation »
38 -Hax+1=0,

This equation is eq‘uivalem to the
system
y =2
18y—6x+1=0.
From Fig. 26 the approximate values
of z are read off to be
7y =—138, x2=.2, 23=12.

’![=€l‘3,
lry +pr +q=0.

—

NS

X

F1a.
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EXERCISES

1. Solve graphically each of the tollowing equations.

(a) 323 —b6xr+2=0.
() 823+ 62 +2=0.

(©) 87 —bz+5=0.
(d) 6023 + 1162 — 66 = 0.

84, Graphic Solution of the Incomplete Biquadratic. An
equation of the fourth degree is called a biquadratic. In a
later section (§100) it will be shown that every biquadratic
can be reduced to the {ncomplete form,

x4+ px?+ qr + r=0;

or, by a slight rearrangement of the terms of ¢quation (20), to

B4+ (p—D2+qr+r=0.

(20)
the form
@1)
\ ¥
\ L
E
\LA
R
“\lr
L\
\ u
BN )
\2\ B

1f y be chosen so that y = a?,
the equation becomes equiva-

lent to the system
\

y =,
(22) {a*+ v+ ge+
(p—Dy+r=0.

The graph of the first equation
is a parabola and that of the
second is always a cirele. The
real roots will be read off from
the intersections of the graphs.

Examrri.  Solve graphically the
equation

ot —Bbxt—dx—3=0.

The term — 5 22 may be written in
the form — 6 2 + z*.
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Then if y = «2, the equation becomes eyuivalent to the system.
y=ut e 4+ —6y—42x—-3=0.

When the squares of the terms in x and of the terms in y are completed
the sccond equation takes the form
(r — 2)2 4 (y— 3)2=16.

In this form the graph is readily seen to be a circle of radius 4, and with
its center at the point (2, 3).  From Fig, 26, the real values of « are seen
to be £y = — 2, and 3 = 2.6. 'T'wo roots are imaginary,
EXERCISES
1. Solve graphically the following equations.

(@) 24 —bu?— 4z —17=0. (© 4+ T2 —22—88=0.
(U) ab— Bz — 20— 27 =0. (d) 224 + 622 — 8z — 41 =0,



CHAPTER IX

INEQUALITIES

86. Definitions and Theorems. An inequality is a state-
ment which affirms that one number, or one quantity, is greater
than another. If a is greater than b the fact is expressed by
writing

a>b, or b<a.
The opening of the inequality sign isalways turned toward the
greater number. Two inequalities such as
a>band 22>52—6,

which have the inequality sign turned in the same direction,
are said to exist in the same sense. 1t is everywhere assuined
that the numbers in the inequalities are real. The rules of
operation for incqualities are, with two important exceptions,
the same as the rules of operation for identities, as the follow-
ing theorems show.

Turorem 1. An inequalily with constunt terms remains true
in the sume sense if any number, either positive or negative, is
added to both sides.

In symbols, the theorem states that if a > b, then

a+m>b+ m.

If @ > b, « = b + d, where d is the difference between a and 0.
Therefore

' a+m=b+m44d.
If the positive number d be dropped from the right member,
the equation becomes the inequality

a+m>Db+m.
120



IX, §85] INEQUALITIES 121

COROLLARY. Any nwmber may be transposed from one side
of an inequality to the other if, at the same time, its sign is changed.
Trrorem II.  An inequality remains true in the same sense if
both sides are multiplied or divided by the same positive constant.

In symbols, the theorem states that if @ > b, then ma > mb,
where m is a positive number.

As in Theorem I, a =b 4 d where d is a positive number;
then ma = mb + md. If the positive number md be dropped,
the equation ma = mb + md becomes the inequality ma > mb.

That the theorem is true for division is clear if we note that
the theorem is true for m = 1/n, where = is positive.

"TuroreM III. The sense of an inequality is changed if both
sides be multiplied or divided by a negative number.

For, if a>b, then — ma =— md — md, as before. Discard-
ing the negative number — md from the right member of the
equation increases that member and the result is the inequal-
ity — ma <— mb.

If both sides of an inequality are positive, they may be
raised to any positive integral power and the result will be a
new inequality having the same sense. Every numerical
inequality can be changed in form by transposition so that both
sides will be positive numbers.

The solution of an inequality with one unknown is the pro-
cess of finding all the values of the unknown for which the
inequality is true.

EXERCISES

1. Prove that a2 + b2 >2ab for every real value of a and b, unless
a=b.

[Hixr. (a—5)?>0, unlessa ~ b =0.]

2. Prove that when a and b have the same sign a/b + b/a > 2, unless
a=b.

8. Prove that a? + b2 + ¢2> 2ab + 2 be + 2 ac for real values of g, b,
and c.
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4. Prove the following inequalities.

(a) VI0> V2 + V3.
) Vil< V3 + Vi
(¢) Viiz-2 4+ V3.

(@) V3or2+4+v3?
) V21 + V10 or V17 4+ V132

X, §

(@ VZ+V5E>VE4 Vi
(e) V12— V3> VIl - V5.
(f) V1= V6 4+ V< V10,
5. Of the following pairs of numbers which is greater,
Tor v3— v2?
(@) V21 — V1T + V3or2.2?

6. For what values of 2 is the inequality 52 — 83 > 3x — 7 true?

(e) V8 —

85

AveeBrare SonutioN, By means of the theorems on incqualities this
inequality is easily reduced to the form x 4- 2> 0, and from this form

than —

9

.

GRAPHICAL SOLUTION.

1 c e
T asshown in Fig. 28,

we see that 2 must be greater than - 2.

Fia. 28 x 4 2 is greater than zevo for z > — 2.

7. Solve the inequality
<L hr—0.

Sovution. The inequality is

easily reduced to the form
22=bx+06<0,
or (x—2)(x—3)<0.
The graph of the left member of
the last form is a parabola which
crosses the z-axis at =2 and x=3.
The figure (Fig. 29) shows that the
function is less than zero, that is,
the original inequality is satisfied
for values of  lying between 2 and 3.
The solution may be written in the
form
23,

v

A graphical so-
lation is easily obtained Ly drawing the
graph of the function » + 2.
a straight line crossing the w-axis at x = — 2
The graph lies above
the x-axis for all values of 2 that are greater
In other words the function

The graph is

0

Fi. 29,
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8. Find the values of 2 which satisfy the following inequalitics and
construct the graph in each case.

(a) 22 —bx+6>0. (@) 22+ x+1<0.
h) —u2>6—52x. (e) (x—1)(r—2)(z—-3)>0.
(6) #2+x>1 ) (@=1)(x—2)(@x—3)<0.

9. Prove that the inequality aa? + bx 4+ ¢ > 0 is true for all values of
& if 0 — 4 ac <0 and « is positive.

86. Inequalities with Two Unknowns. The solution of an

inequality with two unknowns cousists in finding all pairs of
values of the unknowns for which the inequality is true. For
example, to solve the incquality
- 2a43y—5>0,
note that the line whose equation is
DO EA AU A Lt
2243y —5=0,
separates all the points of the plane into three classes:
(1) Points whose coordinates satisly the equation
x43y—-5=0;,
(2) points whoa:(; coordinates satisty the incquulit;L
204+3y—5>0;
(8) points whose cobrdinates satisly the inequality
2043y —-5<0.
The points in the first elass lie on the line. If the equation

pe written in the form
) b—2zx

Y= ’
L

it becomes clear that the points of the second class lie above

the line, for if @ is anchanged and y increased from y to ', we

have
ave,

|4 9

) — X
y>27 72
3

M
Similarly, it may be shown_that points of the third class lie

below the line.
In the same way, if we consider the line whose e(]uatxon is
Bx— 4y y+5=0,

e ‘M N
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it may be shown that points whose coordinates satisfy the

inequality 3 —4y+5>0 lie below the line, while points

whose coordinates reverse the sense of the inequality lie

above the line.

inally, the points which satisfy the two simultaneous

inequalities

{

3z—4y+5>0,

Y

I

5

&

z&\) /

mr

N
N
A

L~

0
v

Fic. 30.

must lie above the first line and below the second. They must
therefore lie in the region I of Fig. 30.
}

EXERCISES

1. Solve graphically each of the following systems of inequalities.

2¢4+38y—-7>0,
—z+2y+3>0.
2248y —7>0,

@ {

® {
( 2x4+8y—17>0,
) —~x+2y+3>0.

(@) 2 +9y2—16>0.

=x+2y+3<0.

2243y -7>0,
13—!/—1>0,
x—3>0.
) 22+ y2-16<0.

2% 4+ 92 - 16 L0,
@ {x+y-—-2>0.
® |

O)

22— y2—-16>0,
2x+y~1>0.



CHAPTER X

COMPLEX NUMBERS

87. Definitions. The solution of the quadratic equation
241=0
is given by # =+ —1, or, as it is usually expressed, z = + i,
where ¢ is a symbol used to denote vV —1. The number de-
noted by ¢ cannot be real, for the square of every real number,
either positive or negative, is positive, while
P=—1.
Numbers of the form &i, where b is a real number, are called
pure imaginaries (§ 33).

Assuming that ¢ obeys all the laws of ordinary algebra, in-
cluding the Index Law, the powers of ¢ are given by the
following table:

=1,
t=—1,

B =¥ =1,
= =11,
P=it=i

Moreover,
(Bi)? = bi+ bi = b%2 =— pi .

Numbers having the form a + bi, where a and b are real, are
called co;nplex numbers.

Since bé is not real, it follows that if a 4- b7 =0, then a =0,
and b =0, since, otherwise, bl = — a, that is, a pure imaginary
‘is equal to a real number, which is impossible.* From this it

follows that two complex numbers a; + b and a, + bsi are
195
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equal, when, and only when, the coeflicients of the real and
of the imaginary purts are separately equal. For, if we have
ay + byi = ag + bal,
then
. ay— @y + (b — b)) =0,
and consequently,
= dy and by = b,.

88. Geometric Representation. The complex number a4-bi,
or a-1+40-i, contains two fundamentally different units, 1
and 7. In the geometric representation of complex nmumbers
this difference is recognized by measuring the real part along
one axis called the axis of reals, and the imaginary part along
another axis perpendicular to it and called the axis of imagi-
naries. It is agreed that the axis of reals shall coincide with
the z-axis and the axis of imaginaries shall coineide with
the y-axis. On the basis of this agreement, the complex
number « + bi is represented, either by o broken line meas-
ured o units along the axis of reals, then ) units along
the axis of imaginaries, or by the point P rveached by the
process indicated. Figure 31 shows the geometrice representa-

P

3 3421
§
3

(7
g )
5 > 1
s

. , axis of reals
1
0| A
Fia. 31.

tion of 8 + 24. The numbers 3 4+24, —3+24, —3 — 24, and
3 — 2% are represented by numbers lying in the first, second,
third, and fourth quadrants respectively.
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The positive number Va2 + b2 which measures the distance
OP is called the absolute value or the modulus of the complex
nuwber a + bi. The absolute value of a complex number is
denoted by |« + Ui or by mod (4 + bi). The angle § measured
counter-clockwise from the axis of reals to the line OP, is
called the angle or the amplitfude of the complex number.

The complex number « — bi is called the conjugate of the
complex number « + bi. A complex number and its conjugate
have the same absolute value. 1f a complex number is zero,
its absolute value is zero, and conversely.

EXERCISE

Prove that the absolute value of a real number is identical with its
numerical value.

89. The Fundamental Operations on Complex Numbers.
Turoxezs.  The sum, the difference, the product, and the quotient
of two complex wumbers «re comples numbers expressible in the
standard form « + Di.

Let «, 4+ by and ay 4 b,i be two complex numbers.

Thaeir sum is
a4 by A o+ Dol = @y + () + D). V
Their difference i1s
g + Oy — (0t + )= ay — a, + (b, — by)i.
Their product is
(¢t + D) (@ + byi) = (ayty — Do)+ (10 + @by)i.
Their quotient is
oy + i (a4 D) (ay — byi)
g+ Dyi (s + bod)(aty — Doi)
_ (a4 biby) + (b — ady)i
ud + 0}
0t Dl |y = a

Gy i+
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The final result in each case is a complex number of the
standard form, and the theorem is therefore proved. That the
apparent exceptions where the result is either real or pure
imaginary are not really exceptions is shown by the fact that
a real number may be written in the form & 4 0 -, while a
pure imaginary takes the form 0 + bi.

The geometric representation of a complex number is most
easily found by first reducing the number to the standard
form.

EXERCISES

1. Give the geometric representation and determine the absolute value
of each of the following numbers.

(a) 2 + 81, (e) —2. (i) ﬁ
(b) 2— 8i. ) —i () A+
© 4@ +89). @ ® (=i,
(@) 2. (h) (83— 41, () (81D

2. Prove that the sum and the product of a complex number and its
conjugate are real. What of their difference ?

8. Construct the graph of 22 + 22 + 3, whenz=1 + 2.
4. Construct the graph of 22+ 22 + 3, whenz=1 — 2.
5. Find the real and imaginary parts of f(a + b¢) and f(a — b?) if
f(2)=aoz* + a12® + asz® + a3z + ay,
and the a’'s are all real. What difference in the results do you note ?
6. Prove that if s(2) is an integral quadratic function of z with real

coefficients, that f(e + bi) has the form A + Bi and f(a — bi) has the
form A — Bi. Is the result true for an integral function of any degree ?

7. By means of the absolute value, prove that if @ -+ b7 =0, then
a =0 and b = 0, and conversely.

90. Geometric or Vector Addition. In § 88 it was shown
that the complex number a 4 bi may be represented geomet-
rically either by the broken line OAP, or by the point P
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(Fig. 31). Still another view is possible. We may say that
a + bt is represented geometrically by the directed line OP.
Such a directed line is called a vector.

From this point of view the geometric representation of a
complex number is comparable to a force, or to a velocity,
which is given when its magnitude, its direction, and its point
of application are given.

Let OP, and OP, represent the complex numbers a, + b;i
and a, + by, (Fig. 32). Construct the parallelogram OP, PP,

Y
P
¥y +(brrhy) [}
Har+bei
n
a;+b,1 ¥
) I i, M X

Fia. 32.

with diagonal OP. Draw the ordinates M, P, M,P, and MP,
and draw P,N parallel to the axis of reals. From the equal tri-
angles OM,P, and P,NP, M,P,= NP =", and OM,= PN =a,.
Consequently,

OM= OM, + MM = OM, + PN = a, -+ Oy,

MP = MN + NP = M, P, + M,P; =, + b,.

The coordinates of P are, ther'efore, a, + a, and b, + b,, so that

the point P, or the directed line OP represents the number

ay+ a, + (b, + by)i which is the sum of the numbers a, + byé
K

and
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and a, + byi. Therefore, if tiwo complex numbers be represented
'by vectors, their sum is the diagonal of the parallelogram con-
structed upon the two wvectors as sides.

1t follows that geometric addition of complex numbers is
precisely like the composition of forces or of velocities in
physics.

EXERCISES

1. Construct each of the following sums by constructing the directed
line for each complex number.

(a) A ++(2—1). @ B=5d+@+7D.

(b) B—20)+(—4+310). (@ B+06H+(2+30).

2. Frame the rule for geometric addition in such a way that it will
apply to the simpler case of addition of scgments of a line.

3. Show geometrically that

| (o + bad) + (az + bai) | Sy + bid| + | a2 + botl,

and state the theorem expressed by the formula in words.



CHAPTER XI
POLYNOMIALS —EQUATIONS OF ANY DEGREE

91. Definitions. An algebraic expression of the form
Q) f@) = ape™ fauwt fax ? 4o,

where 2 is a positive integer, and the coefiicients a,, 5, - a,,
are constants, is called a rational integral function, or, briefly,a
polynomial in u.

A zero of the polynomiul (1), that is, & number which when
substituted for the variable @, causes the polynomial to vanish,
is a root of the algebraic equation

(2) agr™ a,.l:"‘l +au™ iy ta, =0

The coefficients a,, «;, dy, -+ a,, may be assumed to be in-
tegers without loss of generality.

92. The Fundamental Theorem of Algebra. One of the
prime objects of investigation in the study of polynomials
relates to the number, the values, and the character of the
ZEros.

To this end the most important step is a fundamental
theorem, which may be stated as follows.

Fuxpame~ntan THrRorEM or Avncrnea.  Lwvery alyebraic
equation hus at least one rool *

This theorem, whose proof presents many difficulties, is
here assumed to be true.

* The first demonstration of this theoremn was published in 1799 by the
German mathematician Gauss. Proofs will be found in such books as
DicgsoN, Theory of Equations, BURNSIDE AND PANTON, Theory of Equa-

tions, or WEBER, Lihrbuch der Algebra.
131
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93. The Factor Theorem. If » isa 700t of the equation
f(@)= 0,2 —1r is a fuctor of the polynomial f(x), and conversely.

By the fundamental theorem, the equation f(#)=0 has at
least one root . Consequently, f(r)= 0, either numerically,
or identically, so that f(z)=f(x)~f(r). But

f@)— @)= agr + a@ 1 4 o 4, — (@™ + a1+ - 4 a,)
= ay(a” — )+ a (@ — 1) 4 oo S,y (x — 7).
Every one of the terms ay(z* — r), a,(z"! — ), wv, a,_1(z —7)
is divisible by 2 — r. Consequently, f(x) is divisible by z — ».
To prove that the converse is true, note thatif x —risa
factor of f (&), then
@) f@=@—nhi),

where fy(2) is a polynomial of degree one less than that of f(x).

Consequently,
f=@—-r)fi(r)=0.

The theorem is, therefore, proved.

CororLarY. A polynomial

S(@) = a@m + a4 a2 + -+ a,

of degree n is the product of » linear factors and may be written
in the form
) F @)= ap(@ — r))(@ — 1) - (X —17,),
where 14, 75, « 1, ure the roots of the eguation f(x)= 0.

The proof follows immediately, if we note that the polyno-
mial f; (@) in equation (3) is divisible by « — r,, where 7, is a
root of the equation f(z) =0. Then by the factor theorem,

Ji(2) =(@ — 1) fo(),
where fy(x) i3 of degree one less than that of fj(z), or two
less than f(z). The process can be continued until the quo-
tient becomes a constant. Moreover, for every division the’
first term of the quotient has a, as its coeflicient.



X1, §95] POLYNOMTALS 133

94. The Number of Roots. Tunorem. An algebraic equa-
tion of degree n has n, and only n, roots.
In § 93 it was shown that
F(@)=af@—m)(@—1) « (@ —1,),
where 7y, 1y, -, 7, are the zeros of f(x). Clearly, f(x) vanishes
when 2 is put equal to any one of the »’s. If k& of the linear
factors x— r are equal, we say that the equation has % equal
roots. With this understanding there are at least n zeros of
the function; that is, at least » roots of the equation f(x)=0.
Moreover, if 7" be any number different from every one of
the 7’s, then
J)=afr’ —m) (' — ) = (" = 1) %0,

since no one of the factors can be zero. Therefore f(x) has
only n zeros; that is to say, j ()= 0 has only » roots.

EXERCISES
1. Is2azeroof a3 —622 4+ 112 —6? of 2846224+ 112 ~6?

2. Assuming that 3 is a zero of 23 — 6 2¢ 4 11 — 6, find all the linear
factors.

8. One root of the equation
o5 — 622+ 82+ 8=0,

is 4. Find the other two.

4. Prove by the factor theorem that x» — 1 is always divisible by » — 1,
and by 22 — 1 when n is.even.

6. Prove that 2» + 1 is divisible by z + 1 when =« is odd, but not when
n is even.

6. Prove that yz(y — 2) + 2x(z — ) + xy(x — y) is divisible by x — y,
y—2,and z — .

96. The Graph of f(x). The graph of f(x) may be found by
constructing a table of values of the function exactly as was
done in Chapter V. Owing, however, to the greater number of
turns in the graph of a polynomial of degree above 2 the student
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will find it advisable to use shorter intervals between values
of the independent variable.
Thus, if it be required to construct a graph of the function
J(@)=ad—9u2+ 21z — 5,

the table of values to the nearest tenth, from 2 =0 to x =+ 6, where
the value of 7 (%) is found for intervals of 1, is as follows:

x| 0|3 1!1;|2|z!_, 3181 A 11 |s6|561]6
— JUUR N PUUSPU (UG R S R S
T | =534 3‘9.01910.9 +4|1.1 —1|—16{0]4.6|13

When a smooth curve is drawn through the points given by the table,
it is seen to have the form indicated in Fig. 33.

Not only does the graph in Fig. 33 give
visual evidence of the fact that this cubic
equation has three roots, but it tells us
approximately what they are. From the
figure the curve is seen to cross the »-axis
in the vicinity of the points ® = .8, z == 8.7,
and x = 5. Moreover, the position and
values of the maximum and minimum or-
dinates are approximately known,

‘When the roots are all real and
are all known, an approximate idea
of the form of the graph is easily ob-
tained.

For example, suppose it is required to

Fra. 33. construct the graph of a function whose
Zeros are

-2, —1,1, 2

By the factor theorem the function is
S@=@E+2)(x+)(x—-1)(x—2)=2t - 622+ 4.

For values of « less than — 2, all four factors are negative. Therefore,
J(x) is positive, and consequently, the graph crosses from the positive to
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the negative side of the z-axis at x =— 2. It crosses the z-axis again in
the points e =— 1,2 =1, and x = 2,
The graph has the form indicated in Fig. 84.

¥
— - - J T I
-\ 7 X
—T”_ - R [
¥Fic. 34,
EXERCISES

1. Construct the graphs of cach of the following functions, and locate
approximately the real roots.

() 23 =62 + 62 4+ 8. (@) #—6a?+ T2+ 2.
) «*—~5uw24+4x 46, () st —Uad+ 622462+ 1.
() ¥ —bat+ bz + 3. (f) et =434+ 2% 462+ 2.

2. Construct roughly the graphs of each of the following expressions.
(@) (x—=1)(x +1)(x—2). (¢) (#2--bHx+6)(x?— 12z + 35).
@) (x—2)(x —=8)(x—H)x~—17). (@) («—2)2(x—5)(x~-T).

8. Prove that if ), s, .- », are all real and a, is positive, the graph of

ao(x — r1)(x —12) oo (X —T0)

.is above the »-axis, for values of 2 which are less than the smallest » when
n is even, and below the z-axis, when » is odd.

4. An equation of odd degree has at least one real root
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96. The Approximate Values of the Real Roots. No sim-
ple method for determining the approximate values of the real
roots exists.* If there is a single real root (or an odd number)
between two given values of z, the fact is disclosed by means
of the following theorem, the truth of which is almost self-
evident.

If f(x) be a rationdl integral function, and if for any two real
values of x, x=a, and x =10, f(a) and f(b) have opposite signs,
at least one real root of the equation f (x)= 0 lies between a and b.

For clearness suppose that f(a) is negative and f(b) is posi-
tive. Then, since f(«) is continuous, as 2 passes from = a to
x = b, f () passes through all real values between f(«a) and f(b).
One of these values is zero. The corresponding value of « is
therefore a root of the equation f(z)=0.

From the geometric point of view the theorem states that if
the graph is below the z-axis at = a, and above it at 2 =1, it
must cross the axis once, or an odd number of times, between
z=aand 2=2>.

If the real roots of an equation do not lie too close together,
this theorem furnishes a convenient means of locating them
‘between two consecutive integers.

For example, if
f(@)=xt—0623+ 522+ 102 + 2,

the following table of values is easily computed :

z | —-1]o|"1]| 2| 8| 4] s
F@| 4 |2|12]|10] —4 | —6] 52

By the theorem, one Toot lies between 2 and 8, and another between 4

* A complete solution of the problem of determining the number of real
roots between any two values of * was published in 1835 by J. C. F. Sturm?
For the demonstration of 8turm’s theorem see DicksoN, Theory of Equations,
or BURNSIDE AND PANTON, Theory of Equations.
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and 6. Closer examination shows that f(— .5) =~ .9375. Consequently,
one of the two remaining roots lies between £ = — 1 and 2 = — .5, and thu
other between x =—.6 and z = 0.

EXERCISES

1. Locate approximately the real roots of the following equations.
(a) ¥ —a8—~222-832—1=0.
(b) ot — 1227 + 3622 - 122~ 65=0.
(¢c) 2t —b6x*+ 422 ~-32—~1=0.
(@) 225130 + 1323 -2 4 142~ 1=0.

97. The Remainder Theorem. The formation of the table
for a polynomial is greatly facilitated by an important theorem
which may be stated as follows.

ReMAINDER THEOREM. If a rational integral function of =
be divided by x — a, the remainder is f(a).

Proor. Whatever value f(«) may have,

F@)=r1()—f(@) +/(a).
But
F@) —f(a) = afz” — a”)+ oy (" — a* ) + - a4 (x — a),
or, ;
J(®) = 0@ — @) + a( = a) + o+ dya(@— 6) +7(a).

Every term on the right of the last identity, except f(a), is

divisible by # — a. Therefore,
ZACI G

®) L6 = g+ A2,
where @Q(z), which is the quotient of f(x) — f(a) by * —a, is a
rational integral function of 2. From (5) it follows that the
remainder is f(a).

If both sides of (5) be multiplied by # — a, the identity takes
‘the form

(6) r (@) = (2 — a)Q(@) + f(@).
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By means of the remainder theorem the value of f(a) may
be found as the remainder after dividing f'(x) by # — «.
For exawmple, if the function
f@)zwt -3+ 202 —x 4 13
be divided by & — 2, the quotient is
Qo) =0 — a2 -1,
and the remainder is 11, Therefore f(2) = 11.

EXERCISES
1. Find the value of f(3) whon f(o)=at —Tad 4 82 — G + 14, and
verify the result by actual substitution of 3 for w.
2 Hfx)=3uc—bx2+4x+ 19, what is f(4)?  Verify the result.

3. Prove the factor theorem by means of the remainder theorem.
} ‘

98. Synthetic Division. 'The work of finding f(«) may be
still further shortencd by an abbreviated process for division
called synthetic division. 1In order to explain this method of
division, let f(x) be of degree 4; then

(@)= @ 4 ;@ + u2® + ayx + «a,

‘When f(«) is divided by x — «, the quotient is of degree three
with a constant remainder 2. Therefore equution (6) of § 97
has the form
@) aprt+ay+ a4 e+ agz= (e —a) (A4 D+ Ce+ DY+ R,
where A, B, C, D, and R arc undeternined coeflicients.  When
the multiplication indicated in (7) is carried out, the identity
has the form
ag + a4, + ao®® + azx + a,

= At + (B— ad)a® +(C —aB)a*+ (1) — aC)x + R — uD.
But if two polynomials are identically cqual, the coefficients
of like powers of the polynomials arve equal. Therefore

=4, ay=B—ad,a,=C—aB,a,=D — al, a,= R — abD;
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or,
A= @
B=a,+ a.,
® C=a,+abB,
D =a;+aC,
R=a+aD.

The undetermined cocfficients .1, B, (', D, and R are therefore
completely determined by equations (8).

The equations (8) may be written vertically instead of hori-
zontally as in the following scheme :

Uy ay Ua [0 [N

__a_/_l__ aB a(,'__q_l_)
A B O D R

This arrangement of the coetlicients shows how the division
may be performed mechanically.  The examples will make the
matter clear.

EXERCISES

1. By synthetic division find required values of the following functions.
(a) F(2), when f(r)=a8—Tu* 4 3r 4 14,

M) r3). when f(n)=2* =722 4 3z 4 14

(¢) F(4), when f(e)=ad — Tu2 43 4 14,

(d) 7(2). when f(#)=303+ b — 0> + 14,

(¢) f(.1), when f(e)=0—Txe* + 3z 4+ 14

(f) f(=2), when f(x)=a3—Tx* +32+ 14,

2. Formulate a rule for dividing synthetically by ax —h
3. Divide synthetically 223 — 322 —2x + 1 by 22 —3.
4. Construct the graphs of each of the following functions after find-
ing the values of the functions by synthetic division.
o (a) B3—-3x2+Tx—1T. (d) 42t =323+ 422 -T2z +6.
(b) 228 —3a2 + 42 —12, (e) ¥3—1.
(¢) ba* - 322+ 4o —1. (f) 3at— 42246,
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99. Rational Roots. By the factor theorem the equation
whose roots are 7y, 7, 7y, - 7, is .

9 (—r)(@—1y) - (x—1,) =0
Suppose the roots are fractional and let
. 1 'ZV? N, n
M=y Te= ==y o0y Ty =

D’* D’ "D
where each fraction is in its lowest terms. The linear factors
then become
Dzg—N, Dg—N, . Dgx—N,
D, ’ D, [} D,
and when the equation (9) is multiplied through by the prod-
uct DD, - D,, it takes the form

(10) (D@ — M) (D — Ny)(Dw — N;) -+ (D — N,) = 0.
From the form (10),

(11) eay=D,DyDg.. D and a,=(— l)”NlN2 « N,

It is clear from equations (11) that the denominator of any
rational root 13 a divisor of a, and the numerator is a divisor
of a,. It follows that the rational roots may be found by trial,
since the number of integral divisors of qq and a, is finite.

EXERCISES

1. Find the roots of the equation
42t +48 - 602 -9 —9=0.

SoruTioN. Since the denominator of any rational root must be a di-
visor of 4 and the numerator of 9, the rational roots arc to be found in
the set of numbers,

:‘:11 :I:3’ *9’ ﬂ:%? i}’ i%’ i%? ig’ :h%'
Actual trial shows that § and — § are roots. The remaining roots may
be found from the equation,
4 +42P 522 -0 —9
4239

2. Find the roots of each of the following equations.

(@) 2 ~22—-42x—-6=0, (c) 624 ~8528 + 6822 —402 4+ 7 =0.

) 22832 —142+10=0. (d) 122*— 652 4 8622 — 41 x4 6=0.

=at+2x+1=0.
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100. The Transformation of Equations. The operation of
changing one equation into another whose roots bear a definite
relation to the roots of the first, is called a fransformation.
The most important transformation is one that changes the
equation into another whose roots are greater or less by a
fixed number than the roots of the original equation.

Prosrem 1. To diminish the roots of an equation by a fixed
number.
Suppose it be required to diminish the roots of the equation

f@y=afz—r)(x—r)z—17) e (2 —7,)=0

by the fixed nunber k. 1f z be replaced everywhere by o'+,
the new equation is

12) f@ +h) =@ +h —r)(@ +h—r) (@ +h—r)=0.

The roots of the equation (12), obtained by setting the sepa-
rate linear factors equal to zero, are

13) ah=r—h ¥y=ry—h, -, @,=71,—h

That is to say, each root of the new equation is equal to the
corresponding root of the old equation diminished by & The
required transformation is therefore accomplished by writing
everywhere 2’ + & for @, or, as it is ordinarily expressed, by
the substitution,

(14) & =12x4+h

If h is a negative number, the transformation (14) will in-
crease all the roots by h.

Geometrically, this transformation changes the position of
the graph of f(x) by moving it bodily from right to left, or
from left to right, according as h is positive or negative. It
is often used to transform an equation into another which
lacks a specified term. (See Ex. 4 below.)
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ProsrEM IL. 7o change the signs of the roots of an equation.

Another important transformation is one which changes the
equation into another whose roots are the negatives of the
roots of the original cquation. Tt is accomplished by the
substitution = — a’. The proof is left to the student.

EXERCISES

1. Transform the equation f () =.! — 8x? 4 22 — 3 = 0 into another
whose roots are less by 2.

Sorurion. The required transformation is xz =2’ + 2 and, conse-
quently, the required equation 1s

S +2)=(a +2) =8 +2)2 42! +2) —=3=0.
When the operations indicated are carried ont and the accents dropped,
the equation reduces to 2% + 342+ 22 —3 = 0.

2. Transform the equation #3 — 3 4 + 14w — 1 = 0 into another whose
roots are greater by 2.

3. Transforin tie equation o4 — Y3 + 92 + 8 + 18 = 0 into another
having a root between 0 and 1.

[Hint. By the theorem of § 96 it is found that one root of the given
equation lies between 2 and 3.]

4. Transform the cquation 23 —3x? 4 1fx ~ 1 =0 into another in
which the coeflicient of x* is zero,

[Hinr. Let 2 =u'+h; then f(e/ + h) = (/' 4 B)3 = 3(«" 4 h)? +
4(e'+ ) —1=a" + 3 hs’? = 32" 4+ terms of lower degree  'The co-
efticient of =/ in the new equation is 3 4 — 3 and this coeflicient will be
zero for b = 1.]

6. Transform the equation z4'— Y 2% 4 9 a2 4 8 « 4 18 = 0 into another
which lacks the term in %,

6. Find a method by which an equation may be transformed into
another whose roots are the roots of the original equation each multiplied
by a given number m.

7. The roots of the equation 12 23 — 40 «* - 41 x — 12 = 0 are rational,
but not integral. Transform the equation into another whose roots are
integers. N

[Hint. The coefficient of «3 is a multiple of the denowinators of all the
roots. Use the result of Ex. 6.]
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8. Transform the equation 23 4 4 #2 4+ 3 x — 14 = 0 into another which
lacks the term in z2.

9. Prove that any equation of degree n» can be transformed into
another which lacks the term of deeree n — 1. Give the substitution
when the equation is written in the form

o™ + mrtl 4 oo 4,1z + a, = 0.
10. Find the conditjon that the cubic equation
agr® + @ + agr + a3 =0
can he transformed into another which lacks the term of first degree, by
a real rational transformation.

11. Solve the quadratic cquation x? + apx 4 a2 = 0, by first trans-
forming it to the form Ax2 4+ B =0.

12. Find the approximate values of the roots of the following equations
by first removing the sccond term and then using the graphical methods
of §§ 83 and 84.

(@) ¥*=3r2+1tr—1=0.
(h) rA—902%+922 4 82418 =0,
(c) =63+ 8a2+1xr—4=0.

101. Horner’s Method for the Approximate Determination
of Real Roots. When the roots of an equation of degree
greater than 2 are irvational, it is uwsually impossible to find
usable values for the real roots except by methods of approxi-
mation.* The mostuseful clementary method of approximation
is known as Horner’s method.

Horner’s method consists essentially in locating a root be-
tween two integers, and then diminishing this root by
successive transformations until an equation is reached whose
root ditfers from zero by an amount as small as we please.  The
details of the method will be made clear by an example,

* Equations of the third and fourth degrees may be solved algebraically by
well-known methods, though the forms of the solutions are such that they are
Mot easily available for practical purposes. These solutions may be found in
works on advanced algebra. It was proven by Abel in 1826 that the algebraic
solution of the general equatiou of degree greater than four is impossible.
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First TraNsForMATION. Let it be required to find the
approximate value of a root of the equation

(15) f@=v+2*—-11224+122—-10=0.

By theorem of § 96, it is easily shown that one root lies be-
tween =2 and #=3. If, therefore, this equation be trans-
formed by the substitution &’ =« + 2, the corresponding root
of the new equation will lie between 0 and 1. Since the form
of the new equation is known, we may write

SJ@+2)=@ +2)+ @ +2)— 11 + 2)24 12(2' + 2)— 10

= A" + 4@ + A + A+ A, ’

But since
= +2, ¥=x-—2

Therefore if 2’ be replaced by x — 2, the resulting function will
be identical with the original f(z). That is,

f@y=a*+o*—11a?24+122—-10
= Ay(w — 2)*+ Ay (v — 2 + Ap(x — 2)2 4 Ay(x — 2)+ A,

Clearly, the remainder obtained by dividing the right member
of this identity by #—2 is A4, But the remainder after
dividing the left member of the identity by x —2is —86.
Therefore, A, =— 6.

The integral part of the quotient obtained by dividing the
left member is

Q@)=+ 3 —~bx 42

Consequently,

QE)=0a34-3a? 5242
= Am— 2P+ Ayfx — 2 + Ao(o — 2)+ 4y

The coefficient 4; may be found in exactly the same way
that 4, was found, namely, by dividing both sides of the new
identity by # — 2. The process can be continued in this way'
until all the coefficients are found.
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The successive quotients and remainders may be found by
synthetic division and the work may be arranged as follows:

11-11 12 —10 (z—2

2 6 —10 4 } .
13 -5 2 —6=4, Q@)=*+322—52+2.
2 10 10
1 5 5 12=A,, Q@)=+ 524+ 5.
2 14 '
1 7 19=4, Q@) =x+T.
2
1 9=4, Q@)=1.
1=4,

The new equation is, therefore,
16) 4+ 903 +1922+122—6=0.

Srconp TRANSFORMATION. Since a root of equation (15)lies
between 2 and 3, the corresponding root of (16) must lie be-
tween 0 and 1. Closer examination shows that it lies between
.3and 4. If the roots of (16) be diminished by .3, the corre-
sponding root of the new equation will lie between 0 and .1.
The work is arranged as follows:

19 19 12 —6 (z—.3

3 279 6537 55611
1 9.3 21.79 18.687 — 4389= A", Q' (x)=2*+9.32%+ 21792

3 288 7401 +18.531.
1 9.6 24.67 25.938 = A%, Qa() = 22+9.6 4 24.67.
3297
1 9.9 27.64 =4, 'y(w)= @ + 9.9.
3
1102 = 4"y, Qix)=1.
1= A,

‘The new equation is
an 2 4 10.2 23 4 27.64 2? + 25.938 x — .4389 = 0.

L
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Tuirp TRANsSFORMATION,  Since the root of equation (17) lies
between 0 and .1, the sum of the first three terms will be very
small, and the root will be found approximately by neglecting
the higher powers of # and using the linear equation

25.938 @ — .4389 = 0.

Clearly, the root of this equation lies between .01 and .02, so
that the third transformation must be arranged to diminish
the root by .01. By using x — .01 as a divisor, equation (17)
is transformed into

(18) 2t 4 10.24 2 + 27.9466 a? + 26.493864 @ — 0.17674579 = 0.

Using the last two terms of equation (18), we find the root is
approximately .006.

By transforming (18) we should find a fifth equation, one of
whose roots lies between 0 and 001, TIn this way the work
may be carried on until an equation is obtained with one root
as near to zero as we please.

Collecting results obtained thus far, we find that the root
which originally lay between 2 and 3, has been diminished by
2.31, and that it now lies between 0 and (001, Tt is evident,
therefore, that 2.31 is the approximate value to the second
decimal place.

The process of finding the next figure of the root by solving
the linear equation obtained by discarding all terms of degree
higher than 2, is frequently called the method of trial divisors.
It is evident that the accuracy of the trial divisor found mn
this way, increases as the work proceeds. Indeed, the next
two figures of the root could have been obtained from the
equation

25.938 2 — 4389 = 0.

The approximate value of the root of the equation (15) to the®
fourth decimal place is 2.3166.
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EXERCISES

1. Find the real roots to the third decimal place.
(a) »* - 122843022 ~12,—5=0.
(h) #*— 1022+ 1 =0.
(¢) 2* =bx3 4422 —32x—1=0.
(d) 205 =130t + 1303 — a2 + 1t —12=0.
2. Kind the positive roots of the equation
28 + 12 2% — 6008  4- 179200 = 0.
[Hint. To locate the roots, try 10, 20, 30, ....]}
3. Find the roots of the eqnation
23 — 1882 &2 4- 10695 2 — 201474 = 0.

4. When one end of a beam of length 7, and carrying a uniform load,
is “ built in ™ to o wall and the other rests upon a fulerum, the distance
from the fulerum to the point of maximum deflection is given by the
cquation 823 — 9 0% 4 P == 0,

Find x for a beam 10 {eet long.

[Muuriam, Terthook on Mechanics of Materials, p. 153.]

6. Find the 5Sth root of 349 to { places of decimals by applying
Horner's method to the solution of the equation 92 — 340 = 0.

6. If the slope made by a line with the z-axis is @, the slope z of a
line whose angle with the x-axis is one third as great is given DLy the
equation x* — 3 ¢x? — 30 4- @ =0. What is the smaller slope when the
greater is 1?2 When the greater is 2 ?

7. A man invests $ 100 a year for b years in a savings association
and at the end of the period his stock 1s worth %560.25. The tormula
for computing the amount saved in » years is

N= I’Q t-i)‘n—_ 1,
1
where P is the amount paid in each year and / is the rate. 'What rate of
interest does he receive ?
8. The volume v of a spherical segment of one base is

vzw(r—y)';’.(;m—}—‘zm’

JWhere r is the radius of the sphere, and z the distance of the base from
the center. What is » when the seginent is one half a hemisphere and
the radius is 3 ?
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9. A rectangular beam 10 inches wide is used to brace a rectangular
12~

10\'
0

7

Fia. 35.

e

frame whose inner dimensions are 10 by 12 feet. (See Fig. 25.) What
is the length of the beam exclusive of the tenon ?

10. Bryan’s equation for lateral stability of an aéroplane in horizontal
steady motion, with coefficients determined by Bairstow for a machine of
given dimensions, is

A 493128 4-9.81A% +10.16 A — 0.161 = 0.
Find one positive and one negative root to 4 decimal places.
[TecuyicaL REporT, BrITisH ADVISORY COMMITTEE FOR AERONAUTICS. ]
11. Bryan and Bairstow’s equation for lateral stability of an aéroplane
in downward flight 1 — ¢ with propeller cut off, is
M 4+ 9.81 A% 4 9.81 22 4 10.26 X 4 0.467 = 0.
Find two real roots to 4 decimal places. (Ibid.]

12. The theory of symmetrically reinforced concrete beams depends
upon the equation

= 2
K — 3(%-’-‘;) K24 1znplH=6 wp[;—i +2<Z) ]

Find K to the second decimal place when
e/h =06, a/h=.04, p=.01, n=15.

[TURNEAURE AND MAURER, Principles of Reinforced Concrete Con-
struction, 1912, p. 105.]
.

13. If, in using Horner’s method, a trial divisor should be too large,
how could the fact be detected ?
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102. Relations between the Roots and the Coefficients.
To find the fundamental relations between the roots and the
coeflicients, the equation

Sf(x)=0
may first be reduced to the form
(19) J@) =24+ pat +part 4 4 p, =0,
by dividing both sides by a, and then writing
L]
(20) Gpy B=pyy e, =,
Ay Wy ao

For clearness let f(z) be of degree 4. By the factor theorem,
it is evident that

ot + pi® + Pt + a4 py = (@ — 1) (@ — 1) (v — ) (@ — 1)),
When the indicated multiplications are performed, the last
identity takes the form,

(1) @t 4 et 4 o 4 et + py = B— (11 1o 131 ) 2
+ (ryry 1y A Ty 4 vy rary - rary)@?
— (rrgry + rary gy A 1y )T 4 (1y7ersry).

An identity similar to (21) holds for every equation which has
the form (19), whatever its degree may be. In general, p, is
the sum of all possible products that can be found by taking
the roots ¢ at a time with the sign factor (— 1) We may
write therefore

pr=—(T1+rs+ -+ r)=—21
{p-_' =(ryry + ryry e vy 4 e Ty 1) = 2y,
(22) {pg= — (ryrars + Ty + o0 A Ty aTno1Tn)
i =— Irrery .
Pn= ("' 1) Py 1rary o s

The expressions 3ry, 2ryry --- which are abbreviations for the
sums of the products, one at a time, two at a time, and so on
are defined by the equations in which they occur.
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.. EXERCISES
1. Give the sums of the products of the roots, one at a time, two at a
time, and so on for each of the following equations.
(@) =12t + 6034+ T2 -3 4+ 14=0. (r) e — 85 + 17 = 0.
(0) 8at + 723 — 1822+ 147 — 19 =0, (@) #10 — 1 =0,
2. Write out without multiplying ..1e lincar factors « — 7, the equations
whose roots are as follows.

(a) 1.2,3, 4. (€) 2,24 V3,2 — Vi
(b) 8. —2,4, —5. (D) 24+362—30 4ot i d—i.

103. The Character of the Roots. Turorrv. The imagi-
nary roots of an eyuation with real coeflicients occur in pairs of
conjugates.

The theorem asserts that if @ 4 b7 is a root, « — bi is also a
root.  Consequently,

[ —(a 4+ bD][r — (a0 — bi)]=(r — a)? + 1?
must be a factor of f(x).

Proor.  To prove this fact, we may examine the remainder
after dividing f(x) by (v —a)2+ 0% Clearly, the remainder
cannot be of degree higher than 1. If it be denoted by
Sx+ T,

(23) @) =[(e — )+ 1*]Q(x) -+ Sr 4 T,
where Q(r) denotes the integral part of the quotient, and 8
and T are real numbers.

By hypothesis, f(a + bi) = 0, that is,

[(a+bi—a) 4+ 0 ]Qa + 1)+ Sl + b))+ T = 0.

Sinee (¢« + i — a)? + V2= 0, we must have

S(a+ b))+ T'=Sa+ T+ Sbi=0.

But by § 87 if a complex number is equal to zero, the real
and the imaginary parts arve separately equal to zero. That is
to say,

Se+T=0, and S=0.
But if § =0, T = 0 also, so that the remainder Sz + 7 is zero,
and the division is exact. The theorem is therefore proved.
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ConroLrary 1. An equation of odd degree with real coeffi-
cients has at least one real rout. .

Cororuany I1. Ly rational integral function with real
coefficients my be broken up into real fuctors, all of which are of

the first, or of the secomd, degree.

104. The Graph of f(») when Some Factors are Imaginary.
Sinee jmaginary roots oceur in pairs of conjugates, f(x) will

T

have a quadratic factor (2 —a)? 4 1?

corresponding  to  every such pair.
Morcover, according to § 66, the sign
of this quadratic factor never changes.
Every such quadratic factor there-
fore diminishes the number of inter-
sections  with  the z-axis by two.

Usually, but not always, the graph
has an elbow corresponding to cach
pair of imaginary roots, as in Fig. 56,
Geometrieally, these  considerations

beeome  almost  self-evident if we

imagine the xaxis to be lowered

(or the curve raised) in Fig, 33 until
the point B lies above the axis.  The

curve in Fig, 36 is identical with that of Fig. 33, but each of its
points ave three units higher than the correspouding point
in Fig. 33.

Fia. 3.

EXERCISES

1. Sketch roughly the graph of each of the following functions,

() f)y=(r =N (x =)@ +x+ 1.

W) @)= (r —3) (@t — 4z + 13).

(e) flx)y=(x—8)x(a*—4x + 13).

@) fla)=( + 2+ 1) —r + 1),

() f)=( e+ 1) —x 4+ 1) (@2~ 4z + 13).
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106. The Number of Real Roots. Descartes’s Rule of
Signs. Sturm’s theorem, to which reference was made in § 96,
is the only method known for the determination of the num-
ber of real roots of a numerical equation. There is, however,
a simpler method due to Descartes which, in every case, gives
an upper bound to the number.

Any change in sign between two consecutive terms of f() is
called a variation. Thus 2t 4+ 32® — 22? — 2 4 13 contains two
variations, one from 4 to — and the other from — to 4.

DescArTES’S RULE.  An equation f(x) = 0 cannot have more
real positive roots than there are variations of sign in f(x), nor
more real negative roots than there are variations of sign in f( —).

Suppose the product of all quadratic factors corresponding
to pairs of conjugate roots is a function for which the sequence
of signs is

++-++-—=4++ +.
To introduce another root r, which is real and positive, it is
necessary to multiply the function by x —», for which the
sequence of signs is 4+ —, The multiplication of signs may
be carried out as follows:

++-—++-——+++
+ = _—

++—++—-—+++
e e S

In the product the double sign indicates that the sign is in
doubt. It is not difficult to see that the sign in the last line
which stands directly underneath the second sign of any
variation, will be the same both in the multiplicand and the
product. It follows, therefore, that if we consider only those
signs up to and including the second sign of the last variation,
the number of variations in that part of the product standing
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directly underneath will be at least as great. But one varia-
tion is introduced in the remaining terms, because the last
sign of the product is different from the last sign of the
multiplicand.  Therefore, at least one variation has been
introduced.

The conclusion just reached holds whatever the sequence of
signs in the multiplicand may be. Since the introduction of
each real positive root increases the number of variations by at
least one, it follows that the equation cannot have more real
positive roots than it has variations of sign.

To prove the second part of the rule it is ouly necessary to
note that the roots of f(— «) = 0 are the negatives of the roots
of f(x) =0. (§100.)

Examrre. The equation

f@)=a-32° -5 —2+1=0
cannot have more than two positive roots ; and since
f(—o)y=a432*+53 4+ +1=0,

it cannot have any negative root. It must, therefore, have at
least four imaginary roots.

EXERCISES
1. Prove that the equation 26 — 1 = 0 has only one real root.

2. Prove that the equation 2* — 323 + 1 = 0 has at least two complex
roots,

8. Prove that the equation z* — 1= 0 has n — 1 complex roots when
n is odd and » — 2 when = is even.

4. Prove that 2» + 1 = 0 has no real root when = is even, and one,
when # is odd.
5. What is the number of real roots of the equation
w4ttt +1=0?
[Hist. Increase the degree by introducing the reot 1.]
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6. What is the number of real roots of the equation
By frttad a4 1=?
7. Generalize the results in Exs, (5) and (6).
8. The formula for the amount of an annuity is
g=a(tir=1
1

and when §, @, and n are known the formula becomes an equation for
the determination of the rate of interest. By substituting z for 1 44,

prove that the equation has only one root that can have any significance
‘in financial probleins,

9. Prove that if the coefficients of f(x) are alternately positive and
negative, the equation f (x) = 0 has no negative root.

106. The Highest Common Factor of Two Polynomials.
Let us consider two polynomials

(@) = a@™ + a@™ t + ag™? + e +a,,
() = b + b + ba"? + oo + b,

whose degrees in « are m and n, respectively. Let us suppose
that m = n.

Only in exceptional cases can these polynomials be factored.
The method for finding the highest common factor given in
§ 20, therefore, fails, and some other must be sought.

If f(x) be divided by ¢(2), the quotient will be made up of
two parts, one an integral part @,(z), which is a rational inte-
gral function of @, and the other, a fractional part whose
numerator R,(x) is a rational integral function whose degree
is an integer less than the degree of the divisor ¢(x). The re-
sult may be expressed in either of the two forms

J@ E\x)
9 o= 44

or .

f@) = Qux)(2) + Bi(e).
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Similarly, if ¢(x) be Civided by R,(z), the remainder R,(x) will
be of degree less than that of R;(x). This process may be
carried on until a r~mainder is reached which is either zero
or a constant. The results may be expressed in the following
identities, which taken together are called the Euclidean
algorithm : .
S (@) = Q(@)¢(@) + By(2),
l $(e) = Q.’a‘)Rl(w) + Ry(2),
(25) Rl(m) = \”)Rz(w) + Rs(w),

-Rl 'l(a‘) Ql—!(w> R,. “(-'1’) + Rt—l(w)’
R, o(z) = Q@) Bi1(2) + By(2).

From the first identity of the luclidean algorithm, it is clear
that any divisor of f(x) and ¢() is a divisor of R,(z) and
from the second, that this same divisor is a divisor of Ry(z),
and so on. It is clear, therefore, that when Ry(x) =0, R,_,(%)
is the highest common fuctor, and that when R,(x) # 0, no high-
est factor, apart from a constant, exists.

It is important to notice that Euclid’s process for finding
the highest common factor involves only operations leading to
rational results. Furthermore, the result will not be affected,
if at any stage of the work the dividend be multiplied or
divided by any constant.

EXERCISES
1. Find the highest common factor for cach of the following pairs of
polynomials. )
(a) 24— 323+ 22+ 4 and 425 — 02 + 22
(p) 3 —1 and 2® —6x 4 112 —0G.
() 2® — 622+ 1Tx~18=0 and z*—32® + 104 + 9z + 13.
(d) 2t —16and 2t + 28 4 5% + 42 + 4.
() 2t — 16 and 23 —6a2 + 11z —6.
(f) ¢~ 16 and 3~ 822 4+ 172 — 12
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107, Roots Common to Two Equations. Multiple Roots
Let f(x) = 0 and ¢(x) = 0 be two equations of degrees m and
n. Then,

S (@) = ay(@ — 1)@ —19) - (2 — 7)),
$(@) = by(x — r'y) (@ = 1) o (& — 1),

where 7y, 7y, +, 1, are the roots of f(z) = 0, and r', 7'y, - ', arve
the roots of ¢(x) = 0.

If a certain number of roots are common to the two equa-
tions, the corresponding linear factors are common to f(z) and
#(z). It follows, therefore, that the highest common factor of
S (#) and ¢(x) will contain those, and only those, linear factors
which correspond to common roots. If g(x) be the highest
common factor, the common roots may be found by solving the
equation g(x) =0.

An important application of the foregoing paragraph is the
determination of multiple roots of an equation, that is, roots
which correspond to linear factors that are repeated.

In the caleulus, it is shown that a multiple root of an equa-
tion f(z) = 0 is common to the two equations

(26) f(@) = a@® + @@ + @@ + oo + a2+ a,=0,
@0 f'(®) = nag'+(n—1)a@* 2+ (n—2)a@ "+ - +a,_,=0.

The function f'(z) is called the derivative of f(x). Tt is formed
from f(«) by multiplying the coefficient of each term of f(x)
by the exponent of # and then diminishing that exponent by 1.

Ehunn. I 'f(x)ae,z“-ﬁac’+8x-—4,
then - o SN(x)=822—-10x +8.

The highest oommou iaotor of f () and f'(z) 8 2 — 2. Therefore z=2
is a multiple root of () =0. Bince (z — 2) is a factor of f(z), the re«
maining linear factor is easily found to be z-1. The roots of the equa-
tion ‘are therefore 2, 2and 1.
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, EXERCISES
1. Find the roots common to the following pairs of equations.
(@) 2* =828 422 +4=0and 428 — 922+ 22=0.
(b) 2*— 62>+ 1T —18=0and 2*—323 4+ 1022+ 92+ 13 =0,
() —16 =0 and o + 2%+ ba? + 42+ 4 =0.
2. Examine the following equations for multiple roots.
(@) 2 =922+ 242 —16=0.
(b)) ##—~228—1122 4+ 242 —12 =0,
(¢) a8 —2t —24 284 2422 4+ 1442 — 144 = 0.
(@) x — 625 +8xt —~ba2 4522 —8x+4=0.

3. Prove that an equation of the form 2" + @ = 0 cannot have a mul.
tiple root.



CHAPTER XII
DETERMINANTS AND LINEAR EQUATIONS

108. Definitions. Determinants of orders two and three
were defined in §§70 and 73. A determinant of order n is a
square array of 2 elements, which is interpreted to mean the
algebraic sum of all possible products thut cun be found by taking
one, and only one, element from each row and euch column, with
the signs of the terms determined according to the rule of signs
explained below. A determinant of fourth order is written in

the form,
ay b, ¢; dy

a: b: e d;
@ a b; ey d,

as by ¢ d,y
or, briefly,

(a1b201:d4>.
Any term of this determinant will be made up of factors
a, b, ¢, d, with subscripts all different, since, if two letters
were alike, the product would contuin two elements from the
same column, and if two subscripts were alike, two elements
from the same row. When the letters are written in the
normal order, that is, the order in which they occur in the
alphabet, the subscripts will occy in every possible order.

An inversion from the order of the natural scale occurs
whenever a digit stands before another that, in the natural
scale, precedes it. Thus, in the term a,b;d,;, 4 stands before
3 and before 2, and 3 stands before 2. There are then three

inversions in the term.
1568
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Tue RULE oF Siens.  When the letters are arranged in the
normal order, the sign of a term s plus or minus according as
the number of inversions of subscripts is even or odd.

By the rule, the sign of the term a,b,c;d, is minus, while the
sign of the term a;bcyl; is plus.

The algebraic sum of the terms written out according to the
definition, is called the expansion of the determinaunt.

Since the subseripts will occur in every possible order, the
number of termns is equal to the number of possible arrange-
ments or permutations, of the subscripts. In a later section it
will be shown that this number is »!, where »!is defined to
be the product of the n integers 1, 2, 3, -, n. Thus, the num-
ber of terms in the expansion of & determinant of order 3,is 6;
of order 4, is 24 ; of order 5, is 120,

EXERCISES

1. Write out the expansion of the determinant

a by ey dy
az by cy dy
las Dy 3 dg|
la4 by ¢4 dy

2. Find the value of the determinant

2 8 5
4 1 2
8 2 6

’

by writing out the terms according to the definition.

8. Find the value of the determinant
b

LW oY
> 0w W

3
1
2
7

> o b
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109. General Properties of Determinants, A few of the
more important properties of determinants are given by the
following theorems.

TreorEM 1. The value of a determinant is not changed if
the rows and columns be interchanged, leaving the relative position
of the elements in the row (or column) unchanged.

In symbols the theorem states that

@ a a; &) |ay by e dy
b1 bs by by az b: ¢ ds
@ - :

€ C2 C Cs as b c; ds
dy d; ds d, a; by ¢ 4

In the second determinant the subscripts are row marks, and
the letters, column marks while the reverse is true for the first.
Any term, as asbyc,d,, is a term of the second determinant, and,
except possibly for a sign, of the first also. When this term
is written in the form cyazbsc,, the number of inversions of
letters (column marks for the first determinant) is the same
as the number of inversions of subscripts (row marks for the
second determmant) in the form asb,c,d,; so that the sign is
the same for both determinants. That this will be true, in
general, is seen from the fact that every step taken to bring
the subscripts of a term like a,b,¢,d, into their natural order,
introduces an equal number of inversions of the letters.

TrrorEM 2. If two rows (or two columns) of a determinant
be interchanged, the sign of the determinant is changed but its
numerical value 18 unchanged.

Suppose, first, that two adjacent rows, say the second and
third, be interchanged. The subseripts 2 and 3 occur in every
term of the new, as well as of the old determinant, and in the
new determinant the order for the purpose of. sign determina-
tion is 1, 3, 2, 4 Wherever 3 occurs before 2, there is an’
inversion for the original, but not for the new determinant,
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and wherever 2 occurs before 3 it is not an inversion for the
original, but is for the new determinant. Consequently, dny
given term considered as a term of the new determinant has
exactly one inversion more, or one fewer than it has when
considered as a term of the original determinant. Therefore,
when two adjacent rows (or columns) are interchanged the
sign of the determinant, and the sign only, is changed.

If two rows with & rows between are interchanged, one row
can be made to stand adjacent to the other by % interchanges of
adjacent rows. Then the second may be moved to the posi-
tion occupied by the first by k 4 1 interchanges of adjacent
rows. The interchange of two non-adjacent rows is therefore
effected by 2% 41 interchanges of adjacent rows. The 2k +1
changes of sign leaves the determinant with sign changed.

CoROLLARY. A determinant in which the elements of a row
(or column) are equal to corresponding elements of another row
(or column), vanishes identically.

For if the identical rows (or columns) be interchanged the
determinant is not changed, though the interchange of two rows
(or two columns) changes the sign of the determinant. Zero is
the only number that is not changed when its sign is changed.

TrEOREM 3. If all the elements of a row (or column) are
zero, the determinant is equal to zero. ‘

For every term of the expansion contains a factor from the
row of zeros.

TuroreMm 4. If all the elements of a row (or column) are
multiplied by a constant k, the determinant is multiplied by k.

For every term of the expansion is multiplied by &. -

CoroLrLArY. If the elements of one row (or column) are
proportional to the element of another row (or column), the
determinant vanishes tdentically. ‘
* For, 'when the factor of proportionality is set aside, the

determinant will have two rows (or columns) alike.
o
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Trecrem 5. If each element of a row (or‘column) is made
up of the sum of two numbers, the determinant can be expressed as
the sum of two determinants in one of which the row of binomials
is }eplaced by the first numbers of the sums, and in the other of
which the binomials are replaced by the second members of the
sums.

Stated in symbols the theorem is given by the equation,

a+a b ed| |lag b ¢ ] |a, b ¢ d
a,+ay b, ¢, A, a, b, ¢, d, &y by ¢

@ =

a; + a’; b3 C3 d3

a,+a'yb, e, d,

a3 b3 C3 d3 a’a b3 C3 ’ls

a; b, ¢, d, a, b, ¢, d,

All the terms of the first determinant are of the form
(a; + o’,)b,cl, which is equal to a,b,c,d, + &',b,c,d,,
so that each term is the sum of two, which are the correspond-
ing terms of the last two determinants in equation (3).
CororLLARY. A determinant s unchanged by adding to any
row (or column) the corresponding elements of another row (or
column) each multiplied by a common factor. For, in the
equation -
ay+kby by ¢y dy| 'ay b, ¢ dy kb, by ¢ d
@ as + kby by ¢y d, _ | by ¢y do| | (KDe by €2
, as +kb; by ¢y dyy (a3 Dy 3 dy kby bz ¢; dj
a,+kby by ¢4 dy kby by ¢4 dy
which follows directly from Theorem 5, the second determinant
on the right is identically zero by Theorem 4.

a, by ¢y dy

EXERCISES
1. Prove that B
2 84 56 6 0 12
8 21 6 and 3 2 1 6
8 42 9 8 4 2 9
4 6 8 10 4 6 8 10

are both zero.
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2. Prove that

2 3 4 1 11
3 5 8 =118 20 24
4 81 24 12 8

[Hist, First multiply each colamn by the quotient of the L. C. M. of
the elements in the first row by the first element in the column.]

3. Kxpress the determinant

in terms of another in which the elements of the first row are 1, 0, and 0.

4. Kxpress the determinant
ay b1 ¢y
as by ¢

les by c3
"
in terms of another having a row or a column of unit elements.

5. Prove that

1 1.1
a b c¢|=(0b-c)(c—a)a—D).
a? b2 2

[Hmr. If b were equal to ¢, the determinant would vanish. There-
fore b — ¢ is a factor.]

110. Minors and Cofactors. Since a determinant contains
one, and only one, element from each row and each column, a
determinant A of the fourth order may be written in the form

a; bl ¢y d )
a by, ¢ d ’

G) a=|"' 7 V=gl +ad,+ads+ad,-
a; b ¢ d

a by ¢ dy

avhere a;.4, stands for the algebraic sum of all the terms con-
taining a, as a factor, a,4, for the terms containing a, as a
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factor, and so on. In the same way the determinant may also
be written in the forms

A=b,B; + b,B; + b;B; + b,B;
() = ¢,C; + &;C; + ¢;C; + ¢,C,y o
= d, D, + ds D2+ dyD; + d, Dy

Similar statements are true for a determinant of any ordex

The numbers A,, Ay Ay, A, By, B, - are called cofactors of
the corresponding elements a;, ay, d;, a,, by, by -

A closer examination of the cofactors yields valuable in-
formation. The cofactor 4, of a, is made up of products of
the letters b, ¢, d, with the subscripts taken in every possible
order, and with the sign determined by the order of the sub-
scripts 2, 3, 4, since the subscript 1 is always first. But this
combination of terms is exactly the determinant

by ¢ dy
bg C3 da .

which is obtained by striking out the first row and the first
column of A.

To find the meaning of A,, the first and second rows of A
may be interchanged in order to bring a, to the left-hand
upper corner of the determinant. The terms which are multi-
plied by a, are then seen to be exactly the terms in the ex-
pansion of the determinant,

b o 4

bs.. ¢ dyl.
_b4 € d«.

But considered as belonging to the original determinant A
every sign is changed since two rows have begn interchangedy
Consequently 4, is the negative of the determinant just written
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In a similar way it is shown that

by ¢ 4 by ¢ ey e dy
m Aa=+b2 €2 oy Ay=—by ¢; dyfy Bi=—lag ¢; dy...
e ¢ d, by ¢; dy ag ¢ dy

A determinant obtained by striking out a row and a column of
a determinant is called a complementary minor, or simply a
minor, of the element that stands at the intersection of the row
and the column stricken out. A minor is denoted by the letter
A, with the element to which it is complementary written a8
a subscript. Thus, A,, A,, - are the minors of aj, @y, ---.

From the foregoing it is clear that the cofactor is equal
numerically to the minor, but that as we proceed from the left-
hand upper corner, along either rows or columns, the alternate
minors, beginning with the second, differ in sign from the cor-
responding cofactors. The rule is that the minor corresponding
to the element in the ith row and the kth column is equal to the
cofactor, or to the cofactor with its sign changed, according as
© + k is even or odd. .

The reason for the rule is easily seen to be the fact that the
sign of the original determinant is unchanged or not, by bring-
ing the element in the ith row and kth column to the upper
left-hand corner, according as the number of interchanges
1 4 % is even or odd.

Using the minors instead of the cofactors we have for the
determinant (1) of fourth order

€) A=A, — mA, + a8, — Wd,,
=— bhid, + bady, — biA, + DA,
=0, — A, + 64, — A,

=— did, + DA, — dady, + A,
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In this way we have 2n different expressions for ‘a determinant
in terms of its minors, or of its cofactors.

Almost as important as the foregoing expressions for a deter-
minant, are the identities that exist between its elements.

TrEOREM 6. The sum of the products of the elements of a row
(or column) each multiplied by the cofactor of the corresponding
element of another row (or column) is identically zero.

For example, since

A =ad + aydy + a3 45 + a,4,,

the expression
bidy + bady + b3 45 + b4,

is a determinant obtained from A by replacing a;, ay ... by
by, by .., and, consequently, has two columns identical. -
Therefore

® b4+ by A, +-b;4; +-b,4,=0.

Many other identities of this type may be written out. There
are altogether 24 of them for a determinant of order 4.

111. Computation of Determinants. The computation of
a determinant whose elements are known numbers is best
illustrated by conerete examples.

ExamrLe 1. Compute the determinant

9 13 17 4
18 28 38

30 40 54 13|
24 37 46 1

A=

If from the first, second, and third columns, twice, three times, and four,
times the last column be subtracted, according to Theorem 5, Cor. I, the
result will be
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111 4 1111
2 41 8 |2 411
=12 18Tl 1 2 6l
2 42 11| |2 428

The last determinant is obtained by subtracting the sum of the first three
columns from the fourth. Subtracting the third column from the other
three in turn, and then noting that the sum of the products of the elements
in the first row by the corresponding minor contains a single term, we
have

0 0 1 0
1t 8 0
1 3 1 0
= =i{2 —1 4|,
2 -1 2 4
0 2 1
0 2 2 1

The last determinant is reduced to a determinant of order 2 by sub-
tracting twice the first row from the second, and then striking out the
first row and the tirst column. We find

1 3 0
A=10 -7 4 =‘ ; il_—l&
0o 2 1 X

Exampre 2. Compute the determinant

6 —10 11 0
—-10 ~11 12 4

noo12 -1 g

0 4 2 —6

Adding the sum of the second and third rows to the fourth, and sub-
tracting twice the t}.\ird from the second, we find

5 —-10 11 0

A=

|
« 5 —10 11 5 -2 1
a=|"32 '32 ?1": ‘2’=_z—32 ~35 84|=—10{—82 —7 -1,
w2 - 1 5 3 1 1 8

1 b 8 0

Adding the first row to the second, then subtracting 8 timés the first
from the third, we find

b—2 1

A=+10] 21 9 0

-3 170

=90 1 = 8100.

3 1
-390 17
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In the foregoing, the orders of the determinants have*been reduced by
bringing them to such a form that all elements but one in a row or a
column are zero. This process may always be accomplished by multi-
plying the elements of the columns, say, by such factors that the
elements in a row will be replaced by a common multiple. Al factors
introduced in this way must be taken out again by division. F¥or
example,

2 81 1 6 6 6 1 1 1 1
5 7 8l=,-5+—|16 14 48|=--/16 14 48
3.2.6 3.2
6 3 4 18 6 24 18 ¢ 24
_ 1 (1) 11 32____1_ 1 34Hl 34‘_
3~212 6 18 3.2(|12 18 2 3
EXERCISES
1. Compute the values of the following determinants.
6 12 25 5 3 4 2
(&) | 8 20 25| (6)5423
10 20 30 03 67
3 4 56 6 0 0 6 3
4 5 6 3 1010
® 5 6 3 4 010 1
€))]
6845 2578
1 2 3 4 3 4 6 3
. 56 6 7 8
©@lg 101 12 @ by
13 14 15 16 @ |b b 1
36709 97 ¢
36 917 a—2z h g
d .
@Dy 178 wln v—z s |
8 87 4 g 7 c—z
2. Express the determinant
at b8 c?

(@+2)%  (B4+2)E (c+N)?
(2a+2)* (@b+\)B (2e+ )8

as & golynomial in . v [Saimox, Higher Algebra.]
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8. Prove that
1 1 1

aghicy  baci@y  C2a1bi |-
asbicy  bserar  cziby

a b o

as bg Cyl= ——Tl—-
ay0yc
a by cl o

Show how the result can be utilized in the computation of determi-
nants whose elements are known numbers.

4. Prove by the factor theorem that x — & and z — g are factors of

1 1 1
x « B
%2 a2 g2
5. Prove that
1 1 1
@« B v =B-Nry—e)y(e-p[La+ MB+ Ny).
oB ﬁB 73

[Hixt. Use the method of Problem 4, then note degree of determinant
and the coefficients of three terms suitably chosen.]

6. Find the expression for the determinant

1 1 1 1
« B v 9
u? g2 47 5%
@ p oy
7. ¥ind the expression for the determinant
1 1 1
e« f 7|
ot gyt
[Hint. The result must be of degree five and can change sign only
when amy two of the numbers &, B, ¥, are interchanged. ]

8. The area of a triangle whose vertices are the points (21, ¥1), (%2, ¥2),
(s, ¥s), is given by the formula
¥ 1
Area=§lxe ya 1|-
zs ys 1
Find the area of the triangle whose vertices are at the points (3, 2), (5, 6),
"4, =T).
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9. The volume of a tetrahedron whose vertices are at the points
(21 Y1 21)y (%2, Y2y 22), (3, Y3y 23), and (x4 Y4y 24), i given by

Z1,, Y, 21, 1
x 29, 1
Volume = } 2y Y2, R .
x3, Ys, 23 1
Ty Y4 24y 1

Find the volume of the tetrabedron whose vertices are at the points
(0, 0, 0), (1, 0, 0), (0, 1, 0), (0, 0, 1).

112. Application to Linear Equations. Tet

ax+by+czi+dw=e,
Ay + byy + €% + dyw = €y
azx +byy + ¢z + dsw = €y
agw + by + ez +daw = e,

10)

be a system of four linear equations in four unknowns. The

determinant,
A = (a,bcid,),

is called the determinant of the system. If the first equation
be multiplied by 4,, the second by 4,, the third by 4;, and
the fourth by 4,, where the 4’s are cofactors,and the resulting
equations added, the coeflicient of 2 will be exactly equal to A,
by (6), § 110. On the other hand, the coefficients of y, z, and w
will be zero, by (9), § 110. We have, therefore,

Az=ed, + e dy + e3d; + e, A,

The expression on the right is A with ¢’s substituted for a’s.

Consequently

e by ¢ 4
e b ¢ d
e b ¢ d;

1)
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Similarly,
a, bl el (ll a, bl C, e
a, b, e d, a b ¢, e
a by e d a; b; c; ¢
, 2= % b, e, d, y w="% b, e, el
A A

This solution of the system is simply an extension of
Cramer’s rule (§§ 70 and 73) to four equations. Clearly, the
method applies to any number of linear equations, provided
the number of unknowns is equal to the number of equations,
and the determinant of the system Is not zero.

EXERCISES
1. Solve the following systems of equations.
z+y+2=6, r+y—2z+w=10,
(a) {Sz—y +22=1, () 2 —y+z—w=—1,
4 4+38y—2z2=1. r4+3y+2z—w=0,
3z4+y+3z+2w=19.
3x+4y—62z=232, r+y=4,
(b) <4x—ﬁy+3z=18, w {y«l—z:ﬁ,
br—3y—4z=2, z42x=28.
x+y=1,
[z—9y+32—10w=—102, ) y+2=2,
© |22 +7y—2—w=>51, (v z+w=3,
i3x+y+5z+2w=70, w4 x=2.
4x—0y—22—-9w=—6T7,
y 1,1,
Ty
(-xty+etw=a ) 1,1,
" z~y+2z+w=0 y =z
(@ r4+y—2+wW=¢ l+-1=c.
z+y+z—w=d &

2. Find the coefficients 4, B, C, and D, which will make the curve
' ' y= AP+ B2+ Cx+ D
pass through the points (0, 1), (1, 1), (2, 0), (8, 1).
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113. Homogeneous Linear Equations. A system of linear
equations in which every absolute term is zero is called a
homogeneous system. A system of four homogeneous linear
equations may be written as follows:

ax + by + ¢z + dypw = 0,
(13) ax + by + e + dye = 0,

asx + b3y + ez + dgav =0,

ax + by +c2+ daw =0,
Let A =(a;byc3d,) be the determinant of the system; then by
Cramer’s rule, .

14 Ar =0, Ay=0, Az=0, Aw =0.
Therefore, if A = 0, we must have
(15) 2=0, y=0, 2=0, w=0.

This solution, which might have been ohtained by inspection
of the system (13), is of little importance and is called the
trivial solution.

It is also clear from (14) that no solutions other than the
trivial solution can exist unless A =0. This demonstration
applies to n equations in » unknowns.

Therefore the necessury condition that n homogeneous linear
equations in n unknowns have a solution other than the trivial
solution, 1s that the determinant of the system shall be zero.

The determinant
Ia, b ¢ d
a by o d
a; by ¢ dy
a; by ¢ dy

is called the eliminant of the homogeneous system (13).

114. The use of Eliminants in Geometry. Suppose, for
example, that it is required to find the equation of a straight
line which passes through two given points (24, ¥1,) and (@, ¥3).
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According to § 49 the equation of the line has the form
(16) Ar+ By +C=0

where A, B, and C are undetermined coefficients. Since the
codrdinates of the points (xy, 3,), and (2, y»), satisfy equation
(16) we have the system

Ax + By 4+ C=0,
AT1+ 1}y1+ C= 0,
{ Az, + By: + C =0,

from which to determine A, B, and C. The values of 4 and
B in the terms of C might be determined from the last two
equations of the system (17). These values could be inserted
in the first equation, and the required equation would then bg
obtained by dividing by C.

The same result may be obtained directly by looking upon
the system (17) as a system of equations homogeneous in A4, B,
and C. According to § 113 if 4, B, and C are not all zero,
we must have

1

z y 1
(18) 2 Yy = 0.
z Yy 1

Equation (18) is the equation of a straight line since it is a
linear equation in two variables. Moreover, it is satisfied by
the coordinates of both the points (z;, y;) and (2, ¥s), since, if
the coordinates of either point be substituted for  and y, the
determinant will vanish identically.

ExamprLe. The equation of the line through the two points (2, 3)
and (8, b), is

x y 1
2 3 1|=0,
3 6 1

or - 2x—y—1=0,
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EXERCISES

1. Assuming the equation of a plane to be of the form
Ax 4+ By+ Cz+ D =0, y
find the equation in determinant form of the plane through the three
points (21, y1, 21), (%2, ¥, #2), and (za, ¥s, 23).
2. What is the equation of the line through the points (2, 8) and
6,7
8. What is the equation of the plane through the three points
(8, 5, 1), (4, 5, 6), (4, —b, 6)?
4. The equation of a circle has the form (§ 76)
a2+ y2+ Az + By+ C=0.

What is the equation of the circle through the three points (1, 0), (0, 1),
1L e

116. Consistency of n + 1 Non-homogeneous Linear Equa-
tions. In § 112 it was shown that for a system of = non-
homogeneous equations whose determinant is not zero, values
of the n unknowns may be found, which will satisfy the equa-
tions. If another equation be added to the system, the solu-
tion found for the first n equations will not, in general, satisfy
it. It is possible, however, to think of the new system as
a system of homogeneous linear equations in » 4 1 unknowns
simply by writing 1 for the (» + 1)st unknown. Thus the
system of three equations,

a4 by=c¢-1,
ax+by=c¢-1,
{ a2+ gy =1,

is homogeneous in w, y, and 1. The necessary condltlon that
this system should be consistent is -

(19)

a, bl Cy
(20) a by ¢
a; by ¢

=0,
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Geometrically considered, (20) is the condition that the three
lines given by (19) meet in a point.

) EXERCISES
1. Show that the three lines

22+ 6y=1,
3%—4![:-—‘1,
6br43y=8,

meet in a point. What is the point ?
2. Show that the three lines
82+2y=8,
dr—y=1,
bx+3y=28,
do not pass through a common point.
8. Show that the four planes

22 4+8y—2z=1,

S3x—4y+2z=-1,

6x—4y+32=-238,

3x+by—bz=5,
meet in a point.

116. Homogeneous Systems of n — 1 Equations. Let

a4+ by + ¢z + dyw =0,
@1) % + boy + 2 + daw =0,
aze + bgy + ¢z + dyw = 0,
be a system of three homogeneous linear equations in four
unknowns. The rectangular array
a b ¢ d
a b ¢ d
‘ a; by ¢ @
written with two bars at each side, is called the matrix of the
system (21). '
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TrEOREM. The values of the n unknowns which satisfy n —1
homogeneous linear equations are proportional to the n deter-
minants with signs alternately minus and plus, obtained by strik-
ing out the first, the second, - and the nth columns of the matriz
of the system.* :

The method of proof for three equations holds for any num-
ber.

Let
A= (alecad4)

be the determinant of the system (13), § 113, and let 4, B,
Cy, Dy, be the cofactors corresponding to the elements a,, b,,
¢y, dgin A.  Then, by § 110,

by ¢ d a ¢ d4 @ b 4
Ay=—\by ¢ dyfy, By=laz ¢ dy|, Ch=—|ap by dy|,
by ¢ dy ag ¢ dg ug by dy
a b ¢
D,=las b, ’
az b3 ¢

where it is to be observed that A4, B,, C,, D, are formed
according to the statement of the theorem. Solving the sys-
tem (21) for z, y, 2, in terms of w, by Cramer’s rule, we find

d b o a d ¢
22) D =—\|dy by clw, Dy=-—|a, d, c|w,
dy by ¢ ag ds3 ¢3
R by d,
Dz=—lay, by dyw.
ag b3 d3

* It is assumed in the proof that the determinant (a1bacs) =% 0, though this
i not necessary. (See BOCHER, Higher Algebra, The Macmillan Company,
p-47)



XI1I, § 117] LINEAR EQUATIONS 177

But the determinants on the right become, after suitable inter
changes of columns, exactly 4,, B,, C,, so that

(23) Dﬂ.‘ = A,‘w, D4y - B4w, .D42 = 0420,
or
(23q) ©x Yy 2z w

4B 6D’
117. Two Equations having a Common Root. Let the two
equations with one unknown be
2 —
24 {aow + ax +ay =0,
b + b2 4 b + by = 0. .
Multiply the first by «2 and by @, and the second by «. In this
way five equations are obtained,

aget + a,2® + oy =0,
a@® + @ 4 agr =0,

air? + aye + a; = 0,

byt + by 4 by + by =0,

by® + b2 + by + by = 0.
If these five equations are looked upon as five homogeneous
equations with the unknowns a4, 2% 22, z, 1, the necessary con-
dition that they have a common solution is, by § 113,
a, a a; 0 0
0 a @ ay, O
(25) 0 0 ay a; ay=0.
b, b by by O
0 b B by b
The determinant in equation (25) is called the resultant, or the
eliminant, of the equations (24). The resultant of two equa-
tions of degrees m and n is a determinant of order m + n.
Proofs of the sufficiency of the condition may be found in
JFixg, College Algebra, and in Dicksox, Elementary Theory of
Equations.
N
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N EXERCISES
1. Show that the condition that the equations
aox + a1 =0, and bex + b =0,
have a common root is @by — a1be = 0.
2. Find the condition that two quadratic equations
aox? + a1z + a2 = 0 and box? 4 bz 4 ba =0
shall have a common root.



CHAPTER XIII

THE BINOMIAL THEOREM

118, Statement of the Theorem. The binomial theorem
is a theorem which enables us to write out at once any power
of a binomial. For a positive integral exponent n the theo-
rem may be expressed by the following formnla :

1) (@Haw=an +%w"*la +l’.(.;3;2_12 an-2q2

nn—1)y(n—
+ _(__- ,1,.:.2)_(??‘8___2 x*-3aB 4 oo

—1 —2) eee (22—
+ ?!(” 1)-(:¢ 8 -.)- (r (—1‘— ]—.‘).‘,:_-i.‘g2 m”‘r+lar-1 + eee 4 g,

Proor. Forn=2,
=+ a2 =22 +—?—ma +g-(—i——él)a’ = 2?42 2q 4 a%

Similarly, for n = 3,
(z + a)3 = g3 4 3 x2a +§_(?T'__21) xa? +%€._]_‘%«@3:—__2) d’

= a? + 3x%a + 3xa2 + ad,

which again agrees with the result. of direct multiplication.
In this way we are led to suspect the truth of the theorem as
stated. Verification is obviously impossible for more than a
few values of n. The proof for any positive integral exponent
is obtained by a method called mathematical induction. By
this method it is shown that if equation (1) is true for any
particular value of =, it is true for the next larger value; and,
*consequently, since it is known to be true for one or two small
values, it is true for every positive integral value of n.
179.
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Suppose the theorem is true for n=k. The hypothesis is
then’

(2) (@4 a)=o*+ ket 'a+ ’—CLIIE:ZI) x*%a?

R Rl Y W (Rl o) Y S S
+oet 1.2.8m (r—1) LA e

If both sides be multiplied by « + a, the result is
(+ a)k+l = ¢ 4 kxta + l" (7{_:'2_1) o ig2 4 e

v\ ""‘T+2) xbri? r—1 e vy k
T s o) T

k(k—1) o (k—743) 4 p4e r
k 12 1 ... k=148, r~1
+xta + kata® 4+ + 103 (=2 x o

+ e 0¥,
When like terms on the right are combined, it will be seen that
the coefficient of z*a is k4 1;
the coefficient of z*1q? is ]fglc:é-l ) +k= Qilj‘_;ﬂf ;
the coeflicient of a*"+2¢™! is

k(e —1) « (k=7 +2)  k(k—1) - (k—7+3)
1.2.3 (r—1) 1.2.3.0 -2 '

i (k+DE(E—1) - (k—r+3)
which reduces to VT B D)

Moreover, k, k—1,%k —2, --- may be written in the forms
k+1—-1,k4+1~2k+1-3,.... Consequently,

@+ o)t = ot 4 (k + 1) a¥+11q 4 (k%;L‘Q k22

e p D EH1=1) (et 1=2) v (kt1=7 4 2) iy
to 1:2-3(r—1) T
+ e ak+\.
The last formula is exactly like (2) except that everywhere k
in (2) is replaced by £ +1. In other words, if the theorem"
holds for n =%, it holds also for n =%+ 1. This proves that



XIIL, §119] THE BINOMIAL THEOREM 181

if the theorem is true for one value of », it is true for the next
larger value of n. But it is true for n = 38, then for n = 4, then
for n = 5, and so on. It is therefore true for any positive inte-
gral value of », as was to be proven.

The expansion of (x — a)* is found directly by writing it in
the form [z +(—a)]*. It follows that all the terms contain-
ing odd powers of — a, that is, the first, third, fifth, powers
and so on, are negative, while all other terms are positive.

119. The Number of Terms and the »th Term. When n
is a positive integer, the number of terms in the expansion o,
(z + a)* is n + 1, since the first term, which does not contain «,
is followed by the terms containing the first n consecutive
powers of a.

The n + 1 numbers

n nn—1) nmn-—Dn=2
®) L s 1-2-3  °
nn=—Dn-—2 = n-—r+2 . 4
1°2:¢8 et (r—1) [
are called the binomial coefficients, and are frequently denoted
by the symbols

(4) nCoy 2C1y, nCs, i) nCry *** nCne
The rth coefficient is ,C,_;, and the rth term is
(5) nof_lxn-ﬂ-lar-l
=1 (n—2)(n—3) = (n—1+2) prirgm1
1.2.3 (r—1)
The product of the n consecutive integers beginning with 1
is called factorial n, and is written n!, or |n.
By definition the denominator of the rth term is (r —1)!

If both numerator and denominator be multiplied by the prod-
*uct of the factors

m—=r+1),n—r,n—r—1,-,321,

v
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that is, by (n —» 4 1)!, the numarator becomes the pfoduct
of the » integers from n down to 1 inclusive. It will then be
n! The coefficient of the rth term may then be written in the
form, .

C = n!
AT =D —r+ Y

and the expansion itself takes the form,
n!
L 27}, n—2,2 .
(+ay=ux +1'(n ) a+ 5T 2)'::: a? 4

”" n—r+lyr—1 es n
(r—- )‘(n—r-}-l)'w a1l 4 oo 4 an.
The most important property of factorial n is expressed by
the identity

nl=nx (n—1)!

120. Pascal’s Triangle. - The following triangular array of
numbers formed by adding two adjacent numbers in a line and
writing the sum under the one on the right is called Pascal’s
Triangle;

1

11

12 1
13 3 1
14 6 4 1
156 10 10 5 1
1 6 15 20 15 6 1

»
.

The numbers in the first few horizontal lines of the triangle are
seen at once to be the binomial coefficients of (¢ 4 @)°, (@ + a)’,
(# 4 a)? and so on. That the numbers in any line are the co-
efficients of a power of x + a is easily shown by adding two
consecutive numbers in a line, say ,0,_, and ,C, and show-
ing that the sum reduces to 44,0 The proof is left to the
student.
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EXERCISES
1. Expand the following binomials.
(@ (z+y) (i) (Va-—VB)e.
® (=—y). (j) (1.08)2.
(c) (x—2y)5. (k) (1.025)2.
(@) (a—30b)s @ (1.01)%
(& (z +l)‘. (m) (83)2.
' z (n) (69)2.
7(f) (z—2Vy). (0) (84)z.
(9) (at+30cdy (9) (+[y+2D%
_ 8\ (q) (x*—2azx + a)t.
O ( ‘/g) (r) (22~ 2ax + 2q2)8.

2. Write down the 11th term of (a + ).
" '3. Write down the 12th term of (z — x)IN.
4. Write the middle term of (x — 2y)s.
8. Prove that the coeflicient of arbsc* in the expansion of

(a+db+c)m
isnl/(ristel).

[Hint. The (¢ + 1)st term of ([a+d]+c)* is
nl
Ty TEDY (a + b)rtet.]
6. From the result of Ex. 6, find the coefficient of 2% in the expansion
(1422 + 22)%.
7. Prove that .C, = ,C,_.
8. Taking the equation n! = n(n — 1) | as a defining equation, prove
that 01 =1, (Compare with ¢° = 1.) . .
9, Find the ratio of the (n + 1)st to the nth term, and from the result.’
derive a rule by means of which any term of the binomial expansion may
be found from the preceding one.
10. Prove that the algebraic sums of the binomial coefficients in the
expansions of (x 4 a)» and (2 — a)» are 2» and 0 respectively.
[Hinr. Formula (1) of § 118 is an identity and is therefore trud for
any values of x and a.]
11, Find the sums of the numerical; as distinguished from the bino-
mial, coefficients in the expansions for (z + 2¢)7 and (z— 2 y)".
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121. The Binomial Theorem when n is not a Positive
Integer. In a later section it is proven that the expansion
nln—1)(n —

1.2.3
where the continuation marks indicate that the process is to
be carried on indefinitely, holds true for all values of # which
are less in absolute value than 1. For present purposes the
chief value of such an expansion consists in the fact that a
few terms will sometimes give, with little labor, approximate
results which might otherwise be difficult to obtain.

(1+a:)"—~1+na:+ ( )a;2+ 2)a,8+...,

ExampLe. Find the square root of 1.01.
By the above expansion we have

aonvr=1+4.01+=D (o MDA ooy

=14 .005 — .0000125 4 .0000000625 + ...
= 1.0049875625 ---.

This result is correct to the 8th decimal place.

EXERCISES
1. Compute the numerical values of each of the following quantities.
(a) (1.02)12, (b) (1.02)1/4, (¢

(1 01)2

2. Extract the 6th root of 70 by finding the value of

(64 + 6)1/6 = 641/6(1 + )16,

8. The formula A’= A(1+ ?)* for compound interest is assumed to
hold for n less than one year. Find the compound interest on $ 1000 for
one month at 4 per cent. Compare your result with the simple interest
on the same principal for the same time at the same rate.

4. The expression p[(1 + )1/ — 1] where i is rate of interest and p
the number of tjmes interest is compounded in a year, is important in the
thaory of investment. Find its value when ¢ = .04 and p = 4.

L ‘When the rate of interest is 7, the present value of a sum due n
years hence without interest is .A(1 + i)~ Find the present value of
$1000 due in 6 yr. without interest if money is worth 6 %.



CHAPTER XIV

PROGRESSIONS. — COMPOUND INTEREST

122. Arithmetic Progressions. A set of numbers like
3, 7, 11, 15, 19,
such that any one after the first may be obtained by adding a
constant, is called an arithmetic progression. The constant is
called the common difference of the progression.

If the common ditference is positive, as in the example just
given, the progression iy said to be increasing ; if it is nega-
tive, as in

21, 18, 15, 12, 9,
the progression is said to be decreasing.

There are five fundamental numbers belonging to every
progression. These numbers are the first term, the common
difference, the nwmber of terins, the lust term, and the sum of all
the terms. They are denoted by

a, dy, n, a,, and s,
respectively. The terms between a, and a, are called the
means. Any arithmetic progression

Ayy Aoy Agy ory Ay
takes the form

a, a+d, a+2d, a43d, .
The general or type term has the form a, 4 d -2 where  is
a positive integer. Consequently, the values of any linear
integral function (§ 48) which correspond to integral values
of the variable, taken at equal intervals, form an arithmetic
progression.
185
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123. The nth Term. To find the nth term of an arithmetic
progression, we note that, so far as we can see, the coeflicient
of d is one less than the number of the term. We may assert,
therefore, that the nth term is given by the formula
@ ap=ay +(n— Dd.

The proof is easily completed by mathematical induction.
For, suppose that (1) is true for w=%. Then by hypothesis,
@) a, = a; +(k — 1)d.
By the law of formation for the progression,

=t d=a+F— Dd +d, or, qpp,=; + (& +1 — 1)d.
But the last equation kiffers from (2) only in the substitution
of k+1 for k. It follows, therefore, that if the formula (1)
is true for n = A it 1s true for n =k +1 and consequently tor
any value of ».

If formula (1) is solved for ¢, the result is
3 ;= a, —(n—1)d,
which expresses the first term in terms of the last term, the
common difference and the number of terms.

124, The Sum of n Terms. To find the sum s, of # terms,
note that the sum is not changed if the terms be written in
reverse order. Consequently, the sum s, may be written in
the two forms,

s,=a+a,+d+ay+2d4+a;+3d 4 +oo 4 ay+ (0 —1)d,

s,=a,+a,—d+u,—2d+a,—3d+ -+ +a,—(n—1)d.
When these two equations are added, we find

2s, =n(0y +a,).
Consequently,
4) 8y = g’(al + an).

125. The Solution of Problems. The two formulas, (1)
and (4), involve the five fundamental numbers. 1f, therefore,
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any three are given, the other two may by found by consider-
ing these two formulas as a system of two simultaneous equa-
tions with the two required numbers as unknowns,

EXERCISES
1. Givend =2, n =12, 8, == 168. Find ¢, and a,.
Sorutrow.  Substituting in formulas (1) and (4) the known values
d =2, n=12, and s, = 168, we have
a,=a+ (12— 1)2, 168 = 122(“1 +(l,.).
From these two simultaneous equations we find a3 = 3 and a, = 2b.

2. Find the unknown numbers in each of the following cases.

(@) a1 =3, d=1, n=21. @ d=4, a, =13, s, =133.
®) a1 =2, a,=1460, n =17, @ a;=27,d=7, n=230.
(¢) d=38, a,=30, s, =81, (fla=%d=%, n=8,

3. Find the nth term of the progression 1, 3, 5, 7, ... which is com-
posed of the first » odd positive integers.

4. Prove that the sum of n terms of the progression 1, 3, 5, 7, .-« is a
perfect square for all values of n.

6. Find the nth even number of the series of which 2 is the first term,

6. TIind the sum of the first » positive integral multiples of 3.

7. Find the sum of n terms of the progression 2 + 2§ + 2§ + ...

8. Find the sum of » terms of the progression

— -2 p — 3 .
n=1 n=2 n=23,
n n n

9. If a body falls 16.1 feet the first second, 48.3 the sccond, 80.5 feet
the third, how far will it fall in half a minute ?

10. Fifty potatoes are arranged in a line three feet apart and the first
is three fect from a basket. IHow far will a contestant travel who picks
up and carries each potato singly to the basket ©

11, IIow many terms of the progression .034, .0344, .0348, ... will be
required for the sum to amount to 2.718 ?

12. Tnsert 9 arithmetic means between 100 and 200.

13. What is the sum of 15 terms of the arithmetic progression whose
first two terms are x* — 14z + 1and 22 — 122 +1°?
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14. The 6th term of an arithmetic progression is 32 and 11th is 57.
‘What is the sum of the first 9 terms ?

16. Prove that if the terms of an arithmetic progression are multiplied
by any constant the products form an arithmetic progression.

16. The terms of an arithmetic progression containing »n terms are
grouped together in » sets of » consecutive terms and the sum of each
group is found. Prove that the sums form an arithmetic progression. If
the common difference of the original series is d, what is the common
difference of the new series ?

17. Prove that the sum of any 27 + 1 consecutive integers is divisible
by 2n + 1.

18. Prove that if the numbers of the terms be taken as abscissas and
the terms themselves as ordinates, the points determined by an arithmetic
progression will lie in a straight line. 'What is the geometric significance
of the common difference ?

126. Geometric Progressions. A geometric progression is
a set of numbers a;, ay,, -, a,, such that any one aftér the first
may be obtained from the preceding number by multiplying
by a constant factor. The constant factor is called the com-
mon ratio or, simply the ratio.

A geometric progression like
or like L34

1, —2,4, — 8,
where the absolute value of the ratio is greater than 1, is said
to be increasing. If the absolute value of the ratio is less than
one, as in

3 L, b b

and in .
4’ ""27 1: “‘%’

the progression is said to be decreasing.
As in arithmetic progressions, there are five fundamental
numbers to be considered, namely, the first term a,, the ratio 7,
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the number of terms n, the nth term a,, and the sum of n
terms s,. With this notation the progression

Ay, Agy Gy, Qg ooy
may be written in the form
Gy 7y A% @ty
where the general, or type term, has the form a,r*.

127. The nth Term. By inspection, we observe that the
nth term of the progression is given by the formulg

6) an = a;r*1.
That this formula is correct, may be proved rigorously by a

mathematical induction similar to that employed in finding
the formula for the nth tern of an arithmetic progression.

128. The Sum of n Terms. If we multiply both sides of

the equation
8, = @ + a7 4 a4 oo 4 !
by the ratio r, we obtain a second geometric progression whose
sum is
78, = Gy + A2 4 - + " 4 qrn
When the first of these equations is subtracted from the second,
all terms on the right disappear except a and ar". The result-
ing equation is
(r—1s,=a;" —ay
Consequently,
_ arn — a1.

©) Bn=—07"7

This formula may be put in a somewhat more convenient
form by replacing ar® by its value ra,, which is readily ob-
tained by multiplying both sides of (5) by . The value of
%, i then given by the formula
=Ten—-,

(6a) on =10
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129, The Solution of Problems. All problems arising in
geometric progressions may be solved by means of formulas
(6) and (6), or (6) and (6 a), looked upon as a pair of simul-
tancous equations in two unknowns. TProblems requiring the
number of terms lead to exponential equations.

EXERCISES

1. Find the 10th term of the geometric progression 1, 2, 4, ...,
2. Find the 10th term of the geometric progression 1, — 2, 4, <.,
3. Find the 12th term of the geometric progression
Vi, =8, 8V, .
4. Find the 7th term of the geometric progression
2 — V5, 2Vi3—3, 6 —3V3, .-
6. Find the nth term of the geometric progression
a, a(14 1), a(l 4+ D)2, -,
6. Find the nth term of the geometric progression 1, 1, 1, ..,
7. Find the sum of 7 terms of the geometric progression
T4+2444 ...
8. Find the sum of 7 terms of the geometrie progression

1,1
1+ 4 + :1-+
9. Find the sum of n terms of the geometric progression
1,1
1+ 3 + i T+ oeeee
10. Find the sum of n terms of the geometric progression
a+a(l + )+ a(l+ )24 -
11, Find the sum of n terms of the geometric progression
a+a(l +0) 1+ a(l +8)"24 o,
12. Insert 5 geometric means between 2 and 6.
13. Insert h geometric means betweens 2 and 3.
14. Given a; = 5, ag = 15625, » = 6. Find » and s;.
18. Given @1 = 5, s¢ = 19530, = 6. Find r and ag.
16. Givena=}, r=4§,n=n. Find a,.
17. Find the sum of n terms of the geometric progression

x_y.l.ﬁ_-ﬁ:-f-..-,
x Z

18. Given r, n, and s,. Find a,.
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19. Given r, n, and @,. Find s,.

20. Givenm, a,, 7, and @,. Find n.

21. Trove that if a set of numbers form a geometric progression, their
kth powers form a geometric progression whose ratio is r.

22. The sum of three numbers in geometric progression is 221 and the
last exceeds the first by 136.  'What are the numbers ?

23. Find the sum of the progression

(1- - })4 + (r*’ _‘11'2-)2 + (1"’* - 11)1 4o (1-" —_ 7.17)2. [Bourrer.]

24. Prove that if a set of numbers form a geometric progression, their
logarithms form an arithmetic progression.
25. Find the sum of n terms ot the geometric progression
an=l ‘,-n—:!‘,’ + (rn—:lyl oeees
26. Find the snm of » terms of the geometric progression
AN e o2y Ry
27. From Lxs. 26 and 27 deduce the theovems for tne divisibility of
ar oy and  wm —yn,

130. Infinite Geometric Progressions. 1f an air pump
whose cylinder contains 1 liter be attachied to a vessel contain-
ing 9 liters, the first stroke of the piston will remove one
tenth of the air, leaving nine tenths behind. The air left
behind expands immediately to fill the whole space, so that
the second stroke removes one tenth of the remainder, and so
on. If the weight of the air at the beginning of the experi-
ment be denoted by 1, the weights of air in the vessel at the
beginning of each successive stroke will be

1, .9, .81, .729, .6561, -,
and the weights removed will be
a, .09, .081, .0729, .06561, -
Clearly, both of these sets of numbers are geometric pro-
gressions with ratios equal to .9. Theoretically, the total
*weight removed after the nth stroke will be the sum
5, =.14.09 +.081 +.0729 + -, to n terms.
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By (6), § 128, this sum is

Suppose, now, that this process is carried on indefinitely.
As n increases (.9)" becomes smaller and smaller, and by tak-
ing n large enough it can be made smaller than any previously
assigned number. When this is done, the sum 1 —(.9)" will
differ from 1 by a number less than any previously assigned
number. We say that s, or 1 —(.9)", approaches the limit 1,

and we write
lims, =lim [1—(9)"]=1.

The physical interpretation of this process is, of course, that
the weight of air in the vessel tends toward zero as the pump-
ing is continued indefinitely.

A geometric progression like the one just discussed, in which
the ratio is less than unity, and the number of terms is per-
mitted to increase indefinitely, is called an infinite geometric
progression. The notion is a very important one in both pure
and applied mathematics.

In general, let

s, =a + ayr+ al'rz 4 o 4+ al"‘-l
be a geometric progression in which r < 1.
By formula (6),
=W =0 G G

i T R

Since r is a proper fraction, the powers of  approach zero as a
limit. Consequently, a,7/(1 — r) approaches zero, and

) lim sy = 9
n=w 1—7r

Formula (7) enables us to solve the air-pump problem directly ;
for, we bave ay=.1 and r=.9, so that lims, becomes’
1/(1—.9)=1 -
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EXERCISES

1. Find the limit of the sums of each of the following infinite geometric

progressions.
1,11

@ F+i+at
1,1,1
@) gHgtgt+

2,4
() 1 +§+§+

(@ 1+2=V3+T7—4V3 4w,

2. Find the common fraction which gives rise to the repeating decimal

.655 ..., by finding the limit of the sum of the series
.6+ .05 4 .006 + ...
Frame a rule by which the common fraction may be written down at once,

8. Find the common fractions from which the repeating decimals may
be derived.

(a) 272727 ..., (b) .109109 -... (c) .B47347 ..., () .02323 ...,
(e) .52323... = .5 + .02323....

4. Find the limit of the sum of the series 1 + 2 4 22 4 28 4 ..., when
x < 1.

6. If an elastic ball thrown upward to a height of 20 feet rebounds
each time it strikes the ground to one third the height from which it fell,
theoretically, how far will it travel ?

6. A farm yields $1000 net per year. If this rate of return can be
kept up indefinitely and money is worth 5%, what is the farm worth ?

[Hint. The first annual return due one year hence is worth now
1000/1.05 ; the second 1000/(1.00)%; and so on.]

7. Suppose that instead of producing $ 1000 net each year the farm in
Ex. 6 must lie fallow every other year, making a return in alternate
years only. What would it be worth ?

131, Means and Averages. Thearithmetic mean or simple
average of several numbers is the sum of the numbers divided
by their number. In symbols, the arithmetic mean of the =
numbers q,, dg, -+, @, i8

.

®) 4=t bt
n
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The geometric mean of n numbers a,, a,, - a,, is the nth root
of their product and may be written

(9) G =¥/E’;—d‘2 e @y,

Closely connected with the arithmetic maan is the weighted
average, which figures largely in problems in statistics. The
weighted average of several numbers a,, ¢y, -, @, s the sum of
the products obtained Ly multiplying each number by a num-
ber called a weight, divided by the sum of the weights. It is
given by
( 1 0) We WAy + Wyy + -+ W, @,

wy + Wy + -+ W,

The weighted average has an important physical meaning also,
namely, if wy, w,, -, w0, be the weights of n masses lying in a
line located at distances ay, a,, -, @, respectively from a given
point O, then Wis the distance from O to the center of gravity
of the masses whose weights ave wy, w,, -, w0,.

When a set of numbers form an arithmetic progression, their
reciprocals form an harmonic progression, and the reciprocal of
the arithmetic mean of two numbers is the harmonic mean of
the reciprocals of the numbers. In finding averages great care
must be taken to use the proper mean.

EXERCISES

1. Prove that any term of an arithmetic progression is the arithmetic
mean of the two adjacent terms.,

2. Prove that any term of a geometric progression is the geometric
mean of the two adjacent terms,

3. Prove that the harmonic mean of @ and b is
T a + L+ b
4. Express the geometric mean of two numbers in terms of their
arithmetic and harmonic means.
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6. A line divided internally and externally so that the segments have
the same ratio in both divisions, is said to be divided harmonically. Prove
that when a line is divided harmonically, the whole line is the harmonic
mean of the two segments.

[HiNt. TLet the line AB = b, and the segments AP = ¢ and AP; =¢;
then express b in terms of ¢ and ¢.] '

6. Prove that the roots of a quadratic equation ax® 4+ 2 bx + ¢ = 0 are
(a) real when a, b, and ¢ are in arithmetic progression ;

(b) equal when ¢, b, and ¢ are in geometric progression ;

(¢) imaginary when @, b, and ¢ are in harmonic progression.

7. Prove that the logarithm of the geometric mean of two numbers is
the arithmetic mean of the logarithms.

8. Three masses weighing 5, 7, and 11 pounds are located 2 feet to
the right, 3 feet to the left, and 4 feet to the right, of a given point,
respectively. Where is the center of gravity with respect to the point ?

9. A student receives marks as follows: 86 in a 2-credit course, 90
in a Bcredit course, 93 in a 3-credit course, Y1 in a 3-credit course, and
80 in a 3-credit course. What is his weighted average ?

10. A community has 1 citizen with income of $10,000, 10 with in-
comes of $ 5000, 30 with incomes of $:3000, 50 with incomes of 2000,
20 with incomes of $1000. Find (a) the average incone of citizens of the
community ; (b) the income of the average citizen of the community.

11. A merchant increased his capital the first year by 159, the sccond
by 20 %, and the third by 25%. What was the average rate of increase
for the three years?

[Hixt. If r be the average rate of increase, the capital at the end of
the three years would be the original capital multiplied by (1 4 r)3.]

12. Tind the formula for the average rato of increase, over & period of
n years when the annual rates are 1, 72, 73, -+*) T

13. Two successive miles are traveled, the first at the rate of « miles
per hour, and the second at the rate of b miles per hour. What is the
average rate ? 'What kind of a mean expresses the average rate ?

14. Three successive miles are traveled at the rates of 3, 5, and 7 miles
per hour, respectively. What is the average rate ?
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132. Compound Interest. When a sum is placed at com-
pound interest, the interest is added to the principal, or con-
verted into principal, at stated intervals. The rate of interest
is reckoned at a given per cent per year, though the conversion
interval is frequently less than a year. The total amount due
at the end of » years is called the compound amount.

Prorrem. 7o find the compound amount on a principal A for
n years at rate i.

At the end of the first year the amount will be

A+ Ai = A1 + 7).
At the end of the second year it will be
A+ Ai+ A+ Adi)i= AQ + 02
Similarly, at the end of » years the compound amount will be
(12) A= A1+ )™
For convenience of computation formula (12) is %upposed to be
true for fractional as well as for integral values of a.

The value of A'is easily found by logarithms when 4, i, and

n are given. Moreover, from formula (12) the value of any

one of the numbers A, ¢, and n may be found where the other
three numbers in the formula are known.

133. Present Value. The most important formula to be
derived from (12) is that found by solving for 4. We tind

A'
A=- =A'1 +19)"
(D
or, if we replace A and 4' by the symbols ¥ and P,
(13) L V=Pl 49"

The quantity V'is called the present value of the principal
P due n years hence. It is the amount which, if placed at in-
terest now, will amount to P in n years. In other words, it is
the cash value of the obligation P due in n years without in-
terest. The value of ¥ like that of A' is easily found by
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logarithms. However, the numbers (1 + ¢)", the amount of
unit principal, and (1 4- )", the present value of unit principal
due in n years, oceur so frequently that their values have been
tabulated for a large number of rates, and for times up to 100
years or more. A table of compound amounts and present
values is given in the tables at the back of this book (Tables
D and E).
EXERCISES

1. To what sum will § 1000 amount if put at compound interest at
4 % for 10 yrs. ?

2. Find the amount of $1346.27 at 4 % compound interest for 10
years and 6 months.

[Hint.  (1.04)1% = (1.04)1°. (1.04)}]

3. Find the compound amount of $1235.27 for 3 years at 6 %, com-
pounded semiannually.

[Hist. The multiplier will be the same as the multiplier for 6 years at
3 % compounded annually.] '

4. Find the compound amount of $2875.21 for 4 years at 4 %, com-
pounded quarterly.

5. What sum put at compound interest for § years at 4 %, com-
pounded annually, will amount to $ 1000 ?

6. What is the present value of $5000, due in 4 years without
interest, when money is worth 6 % ?

7. A man owes two sums, $2000 due without interest in 2 years,
and $3000 due in 4 years without interest. He wishes to arrange to
discharge both of these obligations in 3 years. What will be the amount
required if money is worth 6 % ?

8. In what time will a sum of money double itself if placed at com-
pound interest at 5 % ?

9. At what rate must a sum of money be invested at compound in-
terest in order that it will double itself in 15 years ?

10. Find the formula for the time when the amount, the principal,
and the rate are unknown.

*11. Find a formula for the rate when the amount, the principal, and
the time are known.
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12. In 1907 the consumption of coal in the United States was
480,363,000 tons, which was 7.36 % in excess of the consumption in 1906,
Assuming the rate of increase to continue, what will be the consunption
in 1927 ? (Use logarithms and give result in millions of tons.)

13. A common rule for the time in which any sum of money will
double itself at compound interest is, ¢ Divide .69 by the rate and add
one third of a year.”> Prove that the rule is approximately correct.

[Hist. log,2 =.069 and log, (1+ &) = i — 2 +f§"’_ .

14. At a certain university which bad 4000 students in 1910, the in-
crease is about 10 9% each year over the previous year's attendanee.
Assuming the rate of increase to continue, what would the atiendance be
in 1920 ?

15. Construct a graph to show the compound amount of 1 dollar at
4 % as the time varies.

16. If money is worth 6 %, what is the cash price of a farm for which
a man pays $1000 cash, $1240 at the end of onc year, $ 1180 at the end
of two years, $1120 at the end of three years. and $1060 at the end of
four years ? Compare result with the case of a man who huys a farm for
$4000, agreeing to pay $ 1000 cash and $ 1000 per year with interest at
68 % on all sums remaining unpaid, and draw your conclusion as to the
necessity for compound interest.

134, Annuities. An annuity, or, to spcak more accurately,
an annuity certain, is a series of equal payments made at equal
intervals of time during o fixed term of years. The first pay-
ment is supposed to be made at the end of the first year.
The elements that enter into an annuity are the amount of
the periodic payment, the rate of interest, and the time, which
we shall denote by a, 7, and n, respectively. We shall speak
of an annuity of a per annwm when the sum of the payments
made in one year amounts to a.

The amount of an annuity is the sum that would be due at
the end of the term, if no payments were made but all were
put at compound interest as soon as due.



X1V, § 134] COMPOUND INTEREST 199

The present value of an annuity of « per annum is the
amount that one could afford to pay in cash for the privilege
of receiving the payments in regular order.

Prouuem L To find the amonnt of an annuity of a per annum.
The amount of annuity is the sum of the amounts of the annual
pa,yment;s, each accumulated to the end of the transaction.
The first payment will be on interest for n — 1 years, the
second for n — 2 years, and so on, the last payment being a
cash payment. By the compound interest formula, the
amounts of the payments are

a(l +O~Y a(l + )~ ey a(l +7), a,

and the amount of the unnuity is the sum of these amounts.
Written in reverse order, the amounts form s geometric pro-
gression with ratio 147, Denoting the sum by & we have

S=a+ad+)+a(d 413+ +al + @)L
The value of this sun, as given by problem (10), § 129, is

s §=all i’ =1

Tables for the amount of an annunity with a unit payment are
given in textbooks on the mathematical theory of investment.
The value of § is easy to tind from the formula (14) if a table
of compound interest is available.

Prosrem IL  To find the present value of an annuity of « per
annum.

The present value of the annuity is the suin of the present
values of the payments. The present value of the first pay-
ment is a(l + )7, of the second a(1 4 )% and so on, to the
ldst, whose present value is a(l +¢)™ These numbers form
a geometric progression whose ratio is (1 4 7)™  Denoting
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the sum by V and making use of the results of Example 11,
§ 129, we have

(15) | V= a.l_:_(_l_'z‘_i'.)_:‘ .

v

Like the values of S, the values of V¥ for a unit payment have
beén tabulated, so that with a table at hand ¥V is found by
multiplying a by the appropriate number taken from the table.

EXERCISES
1. A man saves § 100 annually which he deposits with a savings bank
which pays 4 %. How much will he have saved at the end of 10 years ?

2. ‘In 1907 the coal consumption of the United States was 480,363,000
tons and the rate of increase over the preceding year was about 7 %.
At that rate what would be the total consumption to the end of the year
1927, beginning at the first of the ycar 1908 ?

8. A man agrees to pay $1000 cash at the end of each year for five
years for a house. If money is worth 6 %, what is the cash value of the
house ?

4. A wine will produce $ 10,000 net per year for 20 years and money
is worth 6%. Leaving aside extraordinary risks, what is the mine
worth ?

136. Sinking Fund and Amortization Problems, When a
debt 8, payable at some future time, is contracted, provision
for payment should be made by setting aside each year a sum
large enough so that the total accumulation will equal the
debt when the latter falls due. The sums set aside each year
constitute an annuity that will amount to 8, and the fund into
which the annnal payments are made is called a sinking fund.
A fund of this kind may be accumulated for the purpose of
replacing buildings or equipment that are wearing out. In
this case the fund is called a depreciation fund, and the annual
payment is a charge for depreciation. The theory is identical
for the two cases.
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Let Ay denote the annuity that will amount to S. The
value of Ay is found by replacing a by 4, in equation (14),
§ 134, and then solving for 4,. The required formula is

¢ ]

Another important problem arises when the debtor agrees
to pay principal and interest in equal annual installments.
This form of payment is one form of amortization. Here
again the annual payments constitute an annuity, which, in
this case, has D the face value of the debt for its present
value. The annual payment is spoken of as the annuity that D
will purchase.

Let A4, denote the annuity that D will purchase. The value
of 4, is found by replacing ¥V by D and a by 4, in equation
(15) and then solving the cquation for 4, The result is given
by the equation

?
o =D e

The factor ¢/[(1 + {)* — 1] occurring on the right of equation
(16) may be found directly from a table for “the annuity
that will amount to 1,” while the factor ¢/[1 —(1 + ¢)™"] in
(17) may be taken from a table for ¢the annuity that 1 will
purchase.”

Formulas (12), (13), (14), (15), (16), and (17) are the basis
of the mathematical theory of investmnent.

EXERCISES

1. What sum must be set aside at the end of each year to repay a loan
of $ 100,000 due in 20 years, if the payments set aside can be accumulated
at4 % ?

2. A locomotive costing $ 75,000 wears out in 25 years. If money can
be accumulated at 5 %, what should be the annual charge for depreciation ?
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8. A company borrows $100,000 for 20 years, agreeing to repay the
Joan, prmcipal, and interest, at 6% in 20 equal annual installinents.
What is the yearly amortization payment ?

4. A man buys a house for $ 6000, agreeing to pay $1000 down and
the balance, principal, and interest at 6 %, in 5 equal annual payments.
What is the amount of the annual payment ?

136. The Compound Interest Law. If « be any base, the
consecutive integral powers of a may be arranged as in the
tollowing table.

3 |

ad

6

Exponent =z | 0 7 1 -

4'_\ 5

Power =y |1 a® at l @b | at |

The relation between an exponent @ and its corresponding
power y is given by the equation

(18) y=a*

It is clear that if the exponents form an arithmetic progres-
sion the corresponding powers will form a geometric progres-
sion, whether the exponents are integers or not. Since z is
the logarithm of y to the base a, this fact may be stated as
follows. If a set of numbers are in geometric progression, their
logarithms are in arithmelic progression, and conversely.

The formula for compound interest is a special case of (18).
If interest be converted into principal m times a year, the
compound amount A at rate ¢ for a principal A at the end of
¢t years is given by the formula -

(19) A=A (1 +4)™

Let ¢/m = 1/u, so that m = wi. "With this notation

(20) A= A[(l + i)T
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Suppose, now, that the conversion interval becomes shorter
and shorter, so that in the limit interest is converted into
principal instantaneously. In this way we arrive at the notion
of instantaneous or continuous compound interest, a thing that is
actually approximated in the business of large concerns which
receive interest payments many times cach day. lowever,
the great value of the notion is due to its application to physical
rather than to financial problems.

To find the formula for instantaneous compound interest it
is necessary for m, and consequently for w, to increase indefi-
nitely. In books on analysis it is shown that

@1 lim (1 +1>" — 2718218 ...
u =0 u

This limit is denoted by the letter e* If y denote the limit
toward.which A’ approaches, formula (20) becomes

(22) y = deit, (e =2.718218 ... ),

With the value of e known approximately, the amount at
instantaneous compound interest is easily found.

To realize more clearly the meaning of equation (22), it is
important to note that if A be the principal at the beginning
of any conversion interval, the interest for the interval is 7.4 /m,
and the amount at the end of the interval is A +id/m. In
other words, the interest, or increment per interval, is propor-
tional to the principal. Equation (22) may therefore be looked
upon as a formula giving the law of growth of any magnitude
whose rate of increase at every instant is proportional to the
quantity at the instant. 'This law, which is followed in the case
of many natural phenomena, has been named by Lorp Keuvix
the Compound Interest Law.

.

* The number ¢, which is one of the most important in the whole field of
analysis, is the base of the so-called Napierian system of logarithms.
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If the rate ¢ is negative, the change per interval in A, namely,
i4/m, is a decrement, or, in financial matters, a discount. In
all cases the constant A is the measure of the magnitude at
the time t =0. Why?

Among the many applications of the (ompouud interest law
the following may be mentioned :

(1) By Newton’s law of cooling the temperature at time
¢ is given by the formula

0 = ¢,

where 6, is the initial temperature, and b is a constant rate to
be determined for each substance.

(2) The numbher of bacteria per cubic centimeter at the time
t in the presence of unlimited food, and under proper temper-
ature conditions, is given by

N= Me“,

where N, is the initial number and % is the rate of increase.
(3) The difference in potential at time ¢ of the two coatings
of an electrical condenser of capacity ¥, discharging through

resistance R, is
'l

Y= ve"”

where v, is the potential at the beginning of the discharge.

EXERCISES

1, Find the instantaneous compound interest on $1000 for 3 years at
5 % and compare the result with the ordinary compound interest convertible
annually, for the same time and at the same rate.

2. Radium is dissipated according to the law
g = Qoe™H,

where k is the rate of dissipation, go the initial quantity, and g the quantity,
at time ¢. Find % on the hypothesis that one half the quantity disappears
in 1800 years. How much is left at the end of 100 years ?
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8. The amount of light that passes through incompletely transparent
material of thickness ¢ is
L= Lof k‘r

where L is the intensity of the beam striking the material, and k is a
constant rate depending upon the material. Find % if 98 % of the light is
transmitted through 1 cm. of glass.

4. In a certain culture 100 thousand bacteria were present at time ¢ = 0
and 900 thousand at time ¢ = 10. Find the rate of increase £. Find an
expression for the number present at any time ¢.  Use formula N = Nek.









CHAPTER XV

PERMUTATIONS AND COMBINATIONS

137. Definitions and Fundamental Theorem. Consider a
finite number of things which, for the moment, may be denoted
by the letters a,, «s, a3, -+, a,.

In general, any 7 of these n things may be arranged in several
different orders. Each order, or arrangement, of a set of »
things taken from the set of n things is called a permutation
of the » things. As a special case, » may be equal to n. Thus,
the three létters a, b, ¢, give rise to the six permutations,

abe, acb, bac, bew, cab, cba,
when taken three at a time; to the six permutations
ab, ba, ae, ca, be, b,
when taken two at a time; and to the three permutations,
a, b, ¢
when taken one at a time.

A set of 7 things considered without regard to order is called
a combination. 'The three letters, a, b, ¢, give rise to one com-
bination, abe, of three letters, three combinations ab, be, ca,
of two letters, and three combinations a, b, ¢, of one letter.

138. Fundamental Theorem. If « specified act can be per-
Jormed in p ways and a second independent specified act can be
performed in g ways, the two acts can be performed in combina-
tion in pq ways.

The theorem is nearly self-evident. To fix ideas, let us
suppose that the first act is passing out of one room having p
openings into a hall, and the second passing from the hall into
another room, having ¢ openings (Fig. 37). Using the first

206



XV, § 139] PERMUTATIONS AND COMBINATIONS 207

opening out of the first room, the passage can be made in ¢
ways. This can be repeated for each of the p openings of the

I_I
1 1l 14 {41
— | i | { | i} i
1
L
Fic. 37.

first room. Therefore, there are pg ways of going out of the
first room and into the second.

139. Formulas for Permutations. Prorrim I. To find
the number of permutations of w things taken all at a. time.

The number of permutations of n things taken all at a time
is denoted by P,. 1t is easy to sec that P,=1, P,=2.1,
P; =3.2.1. From these simpler cases it is reasonable to guess
that P, = n(n — 1) «.- 3.2 .1, or, with the briefer notation

€)) P,=n!

The truth of this statement is easily proven by mathematical
induction. For, suppose that (1) is true for n =% Theu, by
hypothesis P, = &! Sappose that a (k4 1) st thing be added
so that there are k 4 1 things, any one of which may occupy
the fivst place. In order to form all possible permutations,
there are two acts to be performed; first, the placing of one
of the k& + 1 things first, second, the arranging of the remain-
ing % things. The first act may be performed in &+ 1 ways
and the second in k! ways. By the fundamental theorem the
number of ways of performing the two acts is (k+ 1)k! But
%+ 1)x k! =(k +1)! Therefore, if (1) is true when n =k,
it is true when n =k + 1, and the induction is complete.
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/PROBLEM II. 7o find the number of permutations of n things
taken r at a time.

Let P, denote the required number. For r =2, the first
thing may be arranged in »n ways and the second in n —1
ways. Therefore, by the fundamental theorem

LPa=nn—1),
which is a special case of the more general formula
@) aPr=n®m—1)n—2) - (n—r— 1).
To prove that (2) is true for any integral value of r, which is
not greater than n, suppose it to be true for r==%. Then by
hypothesis,
Le=nn—1Dn0—2) e (n —k—1).
If the things be taken k 4 1 at a time the required permuta-
tions may be formed by two acts. The first of these two acts
is the arrangement of A things and the second is the selection
of the (k + 1)st thing from the remaining » — & things. By
hypothesis the first act may be performed in
a(n — 1 —=2) . (n —k — 1)
ways. Since the second may be performed in n— &k ways,
the two acts may therefore be performed in
n(n—1)(n —2) e (0 —% — 1) X (0 —k)
ways. Consequently,

WLPoa=nn—1Dn—-2). (n -k - L)(n —(k+1)—1).
This formula is exactly formula (2) with » replaced by k + 1.
If, therefore, formula (2) is true for r=Fk, it is true for
r=1k +1, and by complete induction, for any value of .

If numerator and denominator of (2) be multiplied by
(n —17)! the numerator becomes n!, since n —r is the next in-
tegerbelown — r 4 1. Consequently, (2) takes the useful form

Pp—_n! |
® Prm s
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EXERCISES

1. There are five routes by which a passenger may go by rail from
Madison to Chicago, and six from Chicago to Saint Louis. In how many
ways may the trip from Madison to Saint Louis by way of Chicago be
made ?

2. How many five figure numbers can be written by meaus of 5 digits
if no digit is repeated in any number ?

3. Every term of a determinant of the 6th order is of the form
a.b,c.d.e,f, where the subscripts x, ¥, 2, u, v, w, are the numbers 1, 2, 8,
4, 6, 6, in some order. How many terms does the expansion of the de-
terminant contain ?

4. A signal corps has 6 flags to be displayed in a horizontal row three
at a time. How many signals can be made ?

5. How many numbers can be written with six digits if no number
contains the same digit twice ?

6. ITow many signals are possible with six flags of different colors dis-
played in a line ?

140. Formulas for Combinations. Prosrem III. 7o find
the number of combinations of n things takenr at a time.

Let the number required be denoted by ,C.. Consider a
single combination of r things. The things of this combina~
tion may be arranged in r! ways according to (1), § 139.
Moreover, this statement is true of every one of the ,C, com-
binations, and the totality of permutations thus obtained is the
number of permutations of n elements taken = at a time. Con-
sequently,

1
= P |
WOrxrti=P=r T
From this equation we obtain
Cr=_1n' .
(4) ner ri(n —7r)!
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EXERCISES

1. A society has 30 members. In how many ways may a committee
of 8 members be chosen ?

2. How many different products, each containing four factors, may be
constructed from 8 prime numbers ?

8. How many numbers between 100 and 200 may be written with the
digits 1, 2, 3, 4, and b, if no digit is used twice in any number ?

141. The Binomial Theorem. The theory of combinations
furnishes an elegant method for the proof of the hinomial
theorem when the exponent is a positive integer.

The expression (2 + a)* may be considered as the produet of
n factors

xt+ay, r+ay; r+agy oy, r4a,

when the a’s all become equal to a. By the generalized dis-
tributive law (§ 11),

6) (&4 a)(x + ap) - (+ @)= 2" +(a; + az + = + a,)z"?
+ (@10 + Oy + o0+ O @, )8 (gl + o A €y 9@, @,)a S
+ o 0y e
where the coefficients of 2%, 22 ™3 ... are the sums of all
possible products of the a’s taken one at a time, two at a time,
and soon. If @) = day = @3 = - = a, = @, (5) may be written in
the form

6) (z+a) =2"+ Caxr + Calr"? 4+ Cia’z™ 4 - 4 a”,

where C), Cy, C,, - are integers which represent the number of
terms in the coefficients of a™!, a®? .. respectively. But a
closer examination of (5) shows that.Cy is the number of
combinations of the «’s taken one at a time, C, the number of
combinations taken two at a time, and so on; that is,

C= ,.01, Cz = ,.Cm os = nOS) ) C, = ,.C',.

4
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Hence the binomial theorem may be written in the form
(7) (w + a)" ="+ "01 aa:{'“‘ + "02 azert + "03 aBr3 4 e
+.,.C oz 4 o +an

That this form for the binomial theorem is identical with
that given in § 118, is casily scen by writing out the values of
the binomial coefficients,
(8) ,.Cl, 7.02’ nCs, o ‘n("r b
The coefficient of the rth term is, clearly,

A L
®) "c'-l—(l‘—l)!(7z—r+ )1

MISCELLANEOUS EXERCISES

1. In a baseball nine one man can catch and one can pitch. In how
many ways can the team be played ?

2. In how many ways can a committee composed of two Germans
and three Englishmen, be chosen from 10 Germans and 15 Englishmen ?

8. How many lines can be drawn through 156 points, cach line to pass
through two points, if no three points lie on a line ?

4. If no three of a group of 21 points lie on a line and no four in a
plane, how many planes are determined by the group ?

5. Prove by the theory of éombinntimm that the binomial coefficients
equidistant from the ends are equal.

6. If » things lie on the circumference of a circle (or on any closed
curve) a given arrangement is called a eircular permutation. Prove that
the number of circular permutations of » things is (n — 1) !

7. In how many ways may the letters of the word algebra be
arranged ?

[Hixr. Note the repetition of one letter.]

8. Find a formula for the number of permutations of n things taken
all at a time when » of them are alike.

9, Find a formula for the number of permutations of # letters taken
all at a time, if r of the letters are ¢’s, and s are b’s.

10. Write down the coefficient of arbsct in (a + b + c)=.



CHAPTER XVI
PROBABILITY

142, Simple Probability. If a bag contains 5 white and 3
black balls and a ball be drawn at random, any one of the 8
balls may be drawn. This fact may be expressed by saying
that any one of the possibilities is equally likely to happen.
Of the 8, any one of 5 would result in drawing a white
ball, and any one of 3, in drawing a black ball. Common
sense would seem to point out that 5 possibilities or 5 of the
8 cases are favorable to drawing a white ball and 3 unfavor-
able. Upon this basis Larnace formulated the definition of
simple probabdility as follows: The probability that, among
several equally likely events, an event will happen in a certain
way, s the ratio of the number of favorable cases to the total
number of cases.

In the example of the balls the probability of drawing a
white ball is, according to the definition, 5/8 and the proba-
bility of drawing a black ball is 3/8. In the general case, if p
represents the probability, a the number of favorable cases,
and b the number of unfavorable cases,

= _.
@ P=are

The definition of probability, though it may be said to be
based on common sense, is, like all definitions, purely arbi-
trary. It does not mean that if the drawing were to be per-
formed 8 times, 5 drawings would bring white balls and 3
drawings would bring black balls, but, rather, that if a great'

number of drawings were to be made under exactly the same
212
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conditions, the ratio of white balls drawn to black balls drawn,
would be as 5 to 3.

If the cases are all favorable, the event is certain and

2 = -—q'— =1 M
2 p a+0 )
while if no case is favorable the event is impossible and
0
3 = =0.
@ P

Consequently, certainty is expressed by 1, and impossibility
by 0.

TreorEM. If p is the probability that an event will happen
and q the probability that it will fail,

@ P+ag=1
For,p=a/(a+b)and q =b/(a + b). Therefore
p+q—a+b+a+b~ :
EXERCISES

1. A single cubical die with faces numbered from 1 to 6 is thrown
once. What is the probability that the face numbered 4 will lie upper-
most ?

SorutioN. One case is favorable and 5 are unfavorable. The proba-
bility required is therefore 1/6.

2. Two coins are thrown into the air simultaneously (of in succession).
What is the probability that both will fall ¢ heads » ?

[Hint. They may fall in only four possible ways; namely, both
heads, A heads and B tails, A tails and B heads, both tails.]

8. A die is thrown once. What is the probability that the number of
points uppermost shall be less than 4 ?

4. Ten balls numbered from 1 to 10 are placed in a bag and two
drawn at random. What is the probability that the two are numbered 4
dnd 7?

[Hixr. How many ways are there of selecting 2 out of 10 things ]
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6. What is the probability that 12 coins tossed into the air at the
same time will all fall heads? What is the probability that a single
coin tossed into the air 12 times will fall heads every time ?

[Hixt. In how many ways may 12 coins fall ?]

6. Two balls are drawn simultaneously from a bag containing 4
white and 6 black balls. What is the probability that both balls will be

white ? That both will be black. That one will be black and one
white ?

7. Statistics of the insurance companies show that of 100,000 children
living at age 10, 740 will die within a year. What is the probability that
a child 10 years of age will die within a year? That it will survive for
one year ?

8. Of 100,000 persons living at age 10, 69,804 are supposed to be alive
at age 50. What is the probability that a boy aged 10 will die before he
is 60 ?

143. Partial and Total Probability. An event may happen
in any one of several series of mutually exclusive events.
The probability that it will happen in a given series is called
partial probability. The probability that it will happen with-
out regard to any series is called fotal probability. To illus-
trate, suppose a bag contains 10 white balls of which 6 are
marked with crosses and 4 not; 8 black balls, 5 with crosses
and 3 without; and 7 yellow balls, 4 with crosses and 3 with-
out. The probability of drawing a ball of any given color
and marked with a cross is partial probability and the proba-
bility of drawing a ball with a cross, but without regard to
color, is total probability.

In the exampile just given there are three partial proba-
bilities, as follows: The probability of drawing a white ball
with a eross is 6/25; that of drawing a black ball with a cross
is 5/25 ; and that of drawing a yellow ball with a cross is
4/25. The total probability, that is, the probability of draw-
ing a ball with a cross without regard to color, is 15/25, since
15 out of 25 balls have crosses. The important fact is that
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the sum of the partial probabilities is exactly equal to the
total probability.

Turorem. The total probability of an event is the sum of its
partial probabilities.

Let m be the number of possible cases, and let a;, ay, -, a, be
the number of favorable cases in each one of n series of events.
Further, let p be the total probability, and p;, p,, ---, p, the
partial probabilities.

By the definition of total probability,

p=ﬁi"_'i2_t.'."_‘le=ﬂl+9_2+ v 4 G,
m m o m m
But the fractions C—“, a_g’ ceey % are the partial probabilities.
m’ m m
Consequently,
(5) P=DP1+ Py +Pg+ - +D,
as was to be proved.,

144, Compound Probability. If the happening of eithér
one of two events has no influence upon the happening of the
other, the two events are said to be independent. The proba-
bility that two independent events shall happen simultaneously
(or in succession) is called compound probability. For
cxawmple, if two coins are thrown into the air, or if two throws
are made with one coin, the probability that Loth falls will
give heads is compound.

Turorem. The compound probability of two events is the
product of thelr simple probabilities.

Let p; = a;/m; and p, = a,/m, be the simple probability,
and p the compound probability. The two events may
happen through any one of the q, favorable cases for the first
and any oune of the a, favorable cases for the second. By
fhe fundamental theorem for permutations and combinations
(§ 138), the number of favorable cases for*the happening of
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the two events is a;a;, In :the same way the number of
possible cases is mm,. Consequently,

adty _ Gy Gy
= " = X —=,
MMy My Mgy
or,
(6) P =p1 X Py
as was to be proven.
CororLrary I. The probability that several independent
events whose simple probabilities are py, Pay +y P,y will happen
simultaneously (or in succession), is

™ P = PPz " P

CororrArY II. The probability p that n events whose simple
probabilities are py, pa, ++, P, shall all fuil is
® 1—p=0—-p)A=p) (1 =1);
the probability that the first r of them shall happen and the re-
nainder fail is
©) o2 -+ p(1 = pra) - (L = p,)-

EXERCISES

1. If the probability that A will win a race is § and that B will win
it is 3, what is the probability that either A or B will win it?

2. What is the probability that a single throw of two dice will be less
than 3 ¢

8. The probability that A working alone can solve a problem is } and
that B working alone can solve it is §. What is the probability that the
problem will be solved if both work at it, each alone ?

[Hanr., The problem will be solved if (a) A succeeds and B fails;
(b) A fails and B succeeds ; (¢) both succeed. ]

4. If p, represent the probability that a man will die within a year
and p; the probability that his wife will die within a year, what are the
probabilities (@) that the man will die and his wife survive? (b) that
the man will survive and the wife will die? (c¢) that both will die $
(d) that both will live ?
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145. The Mortality Table, One of the most important
applications of the theory of probabilities is the application
to certain problems relating to the duration of human life.
The problems confronting the life insurance company, or the
employer, either public or private, who wishes data for a pen-
sion systewn, or the judge who seeks to determine a life inter-
est in an estate, all depend for their solution upon the theory
of probability.

The- instrument actually employed in the solution of all
these problems is a mortality table. A mortality table in its
simplest form is a record showing how many persons out of a
large number, all of the same age, die during each successive
year until all are dead. Such a table is based upon observa-
tion and not upon mathematical considerations. Mortality
tables differ for different countries, for different classes living
side by side in the same country, and for persons of the same
class engaged in different occupations, ete.

The table given in this book (Table F, p, 238) is called the
American Experience Table and was compiled from the results
of the experience of thirty American insurance companies to
the end of the year 1874. This table is the basis upon which
most of the life insurance business of this country is con-
ducted. The methods actually employed in constructing a
mortality table from observed data need not concern us here.
In the above table the eolumn headed x gives the age, the
column headed I, the number living at age 2 out of the 100,000
alive at the age of 10 years, and the column headed d, the
number dying between the ages x and x+4 1.

The probability that a person aged  years will live to age
« 4 1 years is assumed to be
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and the probability that he will die within the year is
assumed to be
d

l l

hat ] or 4l T Ve,
.’ 1,
EXERCISES

1. What is the probability that a man aged 30 will be alive ten years
later ?

2. A man is 45 years of age and his son is 15. What is the probabil-
ity that both will live 10 years ?

8. A man and his wife are 30 and 28 years old respectively when their
first child is born. What is the probability that both will be alive on the
child’s twenty-first birthday ? That one will be alive on shat date?
That only one will be alive ?

4. Find a formula for the probability that two persons of ages 2 and y
will both live n years.

5. Find a formula for the probability that a man of age z will live n
years and another of age y will die within » years,

6. From the Mortality Table plot the curve which shows the proba-
bility of dying for each year from ages 10 to the end of the table.

146. Mathematical Expectation. The value of a mathe-
matical expectation is the product of a sum of money to be
paid upon the happening of a specitied event by the proba-
bility that the event will happen.  For example, an insurance
company agrees with a man 30 years of age to pay $ 1000 to
his heirs in case of his death within one year. By the mor-
tality table the probability that a man of 30 will die within
a year is .00843. Cousequently the value of the mathemati-
cal expectation is $ 8.43 at the end of the year, and if money
is worth 8 9, the present value of the expectation is $8.43 +
1.03 = $8.19. This is the simplest form in which a problem
in life insurance can present itself. For example, a life insur-
ance company could afford to insure the lives of 10,000 men
of age 30 for one year for $ 81,900 cash plus the cost of con-
ducting the business.
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EXERCISES

1. A stake of $10 is made contingent nupon a throw of dice being less
than 4. What is the mathematical expectation of the player ?

2. If 9997 ships out of 10,000 of a given class and in a given condition
reach port safely what would be the cost of insuring a ship with its cargo
worth $ 500,000 for a single voyage, if interest, expenses, and profits are
neglected ?

8. What would be the cost of insuring a house worth $5000 for a
year if two houses out of 1000 in its class burn down each year ?

4. On the basis of the mortality table what would be the minimum
cost of insuring the life of a man of age 35 for one year, neglecting inter-
ost and expenses ?









CHAPTER XVII
SEQUENCES AND LIMITS

147. Definitions. A succession of numbers formed accord-
ing to some definite law is called u sequence (§ 30). The set

of numbers 3, .33, 333, 3333, -,

which present themselves when we attempt to express the
fraction 1/3 in the decimal notation is a sequence,

If we attempt to find an expression for the square root of 2
we are led successively to the numbers of the sequence

1, 14, 141, 1414, 1.4142, ...

The law of formation in this case is the rule for extracting the
numerical square root.

The process of finding the ratio of the circumference to the
diameter of a circle leads to the sequence

3, 3.1, 314, 3.141, 31415, 3.14159, ...

If P, denote the perimeter of a regular polygon with r sides
inseribed in a circle with unit diameter, the sequence

> > 23
I:h 16: Pm, 124;'"

is the sequence of numbers frequently used in finding the ratio
of the circunference to the diameter.

In all these sequences the process of finding additional terms
can be carried on indefinitely.

A variable may take for its values the numbers of a sequence.
In such a case we say the variable runs through the numbers of

the sequence. For example, let s, be the variable which de-
220
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notes the sum of n terms of the geometrie progression
1,11, 1
gtatgtggt
Then s, runs through the sequence
1 3 7 15 31
' 2’ Nk gy "16; §§> ]
as n increases.

148. Limits. In every example that has been given the
sequence has the property that as the number of terms is in-
creased, the successive terms approach nearer and nearer to a
fixed number. Thus, the numbers of the sequence

1 3 7 15
U T

approach nearer and nearer to 1, and if a sufficient number of
terms are taken the difference between 1 and the terms of the
sequence becomes indefinitely small.  In such cases we say of
both the sequence and the variable which runs through the
terms of the sequence, that they approach alimif.  The sequence
just given and the variable s, which runs through the values of
the sequence approach the limit 1. The sequence of perime-
ters approaches the circumference of the circumseribed circle
as a limit.

The complete definition of the limit of a variable correspond-
ing to such a sequence, is as follows.

If u variable x runs through the numbers of a sequence

Lpy Tyy Xgy Lyy ooy Tyy ooy
and if a constant number « exists, having the property that corre-
sponding to any arbitrarily chosen positive number 8, a positive
integer n may be found such that every one of the absolute values
¢)) Ia’—mnll [ =z ], [a— 2,0,
%is less than 9, the constant number a is called the limit of the
variable .
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The relation between the variable z and its limit a is ex-
pressed by writing

&) limz, =a;
or, simply =
3) lim & = a.

Formulas (2) and (3) are read the limit of =, (or of ), as n be-
comes infinite, s equal to «. A sequence whose numbers
approach a limit is said to be convergent.

Any complete discussion of the theory of limits must be
based upon a criterion for the existence of a limit.  The follow-
ing eriterion, first given by Cauvcuy, has been called by Du
Bois Revmonn, the General Principle of Convergence: The
necessary and suflicient condition that a sequence of real numbers,
&Ly, Tny Ly Ly ooy MY have « limit, @s that for any wrbitraridy
chosen positive number €, a value of n may be found such that
every one of the absolute ralues
(4) |z, — -'”wn' ) I‘”n — 4], |2, — @43 [y oee
shall be less than e

This general prineiple is frequently stated more briefly by
saying that the sequence is convergeut if a value of » can be
formed such that
®) |2, — 2,0, < €
for all positive integral values of p.

The general principle is here assumed to be true. Proofs
may be found in textbooks on analysis.

Examrre.  Suppose s, denotes the variable sum of « terms
of the geometric progression
1,11
3 + 1 + 3 + -y
as n increases. Then s, rans through the sequence

1 3 7 !

- 00

a) Z_) 8’
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as n takes the values 1,2, 3, .... Moreover, according to § 128,
s, is given by the formula
1

s, =1——.

oHn
2

To show the existence of a limit it is necessary to consider
the absolute value
=1 (1 - l>.
e\" o

It follows that this absolute value can Le made less than a
given number if » can be found to satisfy the inequality

1/, 1 17y 1
©) 5?(1 - ;;,>< o or 2> €<1 _2.p).

When logarithms are taken of both sides of the inequality
written in the last form, we obtain the inequality

1 1
loge--}-]og(l — ‘—)—>

Al
log 2
The number 1 —1/27 is less than unity for every admissible
value of p, and its logarithm is negative.  Consequently it will

1 1

I8n = Susel = 55— 5z

) n>

take a larger value of n to satisfy the inequality

1 1
]()g; ]()g;
@ "> log 2’ or o n> 230108’

than it takes to satisfy the orviginal inequality. It is easy to
find values of n to satisfy the inequality (8), whatever ¢ may
be.  TFor example, if e =.0000001, log1/e =6 and the in-
equality (8) is satistied by = = 20 or any larger positive in-
teger. The existence for a limit of the sequence is therefore
proven by formula (8).

In a similar wanner 1t may be shown that the limit of the
sequence, and consequently of the variable s, is 1.

. 149. The Limiting Values of Functions. In applicui;ions
of the theory of limits, the problem usually presents itself in
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the form of an inquiry as to the value toward which a function
tends as the independent variable approaches a definite limit,
or increases, indefinitely. The following examples will make
the meaning clear.

ExamprLk 1, In the problem of finding the suwa of the geometric pro-

gression 1.1 1

as the number of terms is increased indefinitely, the sum of n terms is
given by

s,.:l—z-;-

Here s, is a function of n and the problem is reduced to finding

lims, = lim(l —-21'.)
n=x

n=wn

Exampre 2. If a rectangle of base x be inscribed in a semicircle of

radius r, the rectangle is p
A= x\/rﬂ -7 (Fig. 88)-

Z
-+

(4
Fia. 38.

In a later problem (Problem 4, § 157) it is shown that the maximum area
of this rectangle is found to be the limit of A as x approaches »v2. That

isto say, . N
maximum value of 4 _z]:x; :: 72— T
In the second example we are not, properly speaking, deal-
ing with a sequence, for z does not take a definitely determined
sequence of values, but may take every value between two
given values that lie between 2 = 0 and # =r+/2. In sucha.
case we say that the function f(z) approaches the limit 4, as @



XVII, § 151] SEQUENCES AND LIMITS 225

approaches a, if, and only 3f, lim fla) = A for every sequence of
values of & which approaches a.

.160. The Limit of an Algebraic Function. An algebraic
function of z is a function which is formed from z by means of
a finite number of the operations addition, subtraction, multi-
plication, division, and root extraction.

In more extended treatments it is proven that for any two
functions which approach limits, the limit of their sum, the
limit of their product, the limit of their quotient, are equal
respectively to the sum of their limits, the product of their
limits, and the quotient of their limits, provided that in the
case of the quotient, the limit of the denominator is not zero.
It is also proven that the limit of a power of a variable is
equal to the same power ol the limit of the variable.

These theorems may be summed up in a single easily re-
membered statement, as follows.

If f(x) denote an algebraic function of a variable x, then

) lim f(x) = f(a@),

Jor all values of a for which the limit of the denominator is dif-
Jerent from zero.

ExamprLr. Let 0 5 i
B4+ 3 — b
F@)= T,

25 — 22

and suppose  approaches the constant a; then

. : L 283 43—522 2a34+3a—5al?
i ) = =" %=
provided |a| = b.

161. Infinity. Emphasis has been laid upon the fact that
limits are finite and definite numbers. 1t frequently happens,
« however, that functions must be considered for which no finite

limit exists, but for which the values increase beyond all
e
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bounds as the independent variable approaches a particular
value. (See §54.) The simplest function of this sort is the

function 1
J(@)= e

which increases indefinitely as @ approacies zero. In such
cases it is customary to say that the function approaches the
improper limit, infinity, or that the function becomes infinite.
This circumstance is indicated by the notation
1
10) ]:;])1 =
The improper limit is said to be + oo or — o aceording as
the function increases numerically through positive or through
negative values.
For example, if 2 runs through the sequence of values
1, .1, .01, .001, .0001, ...,
the function 1/2 runs through the sequence
1, 10, 100, 1000, 10,000, ...,
which approaches the improper limit +ow. Tor the same
sequence of values for x the function — 1/x runs through the

sequence -1, —10, —100, —1000, —10,000, --.,
which approaches the improper limit — co.

An important example of the limit of a non-algebraic fune-
tion is lim log . 'When 2 runs through the sequence of values

= 1, .1, .01, .001, .0001, -,
log 2 runs through the sequence of values
0,-1,—2 -3, —4,..
Clearly, as & approaches zero, log @ approaches — co.

Note. The student should note that w is not a number in the sense
that it is an entity which obeys the ordinary rules of reckoning. For
example, we may write o + ¢ = o where ¢ is any number, zero or other- *
wise.
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162. The Indeterminate Form 0/0. A fractional function

(%)

J(@)
whose numerator and denominator are both zero for a given
value of x is said to be indeterminate, or to take the indeter-
minate form 0/0, for that particular value of .

Up to the present time it has been necessary to say that a
fraction is not defined for values of z which make it indeter-
minate. Nevertheless, the theory of limits furnishes a means
of defining such functions for values for which they become
indeterminate.

Examere 1. The fraction

=1 -2
="

becomes indeterminate for « = 1, although it has a definite, finite value for
every other value of &, no matter how little that value may ditfer from 1.

Suppose that in the function given above, x runs through the sequence

0, .9, .99, .999, 9999, ...,
as it approaches 1.  The function will then ran through the sequence
1, 2.71, 2.9701, 2.997001, 2.99970001, ...,

which apparently approaches the limit 3. That the sequence actually does
approach a limit may be proven rigorously. It is convenient, therefore,
to define the fraction (1 — 23)/(1 — ), for the value x =1, as

lim 1-a
a1l —

.

In general, if the fraction ¢ () /f(x) becomes indeterminate when z = a,
it is defined for this value by the limit

lim £(2)
z=a f(x)

provided, of course, the limit exists.

When an algebraic function becomes indeterminate for a
given value of the variable by reason of a factor that occurs in
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both the numerator and the denominator, the indeterminate
form may be evaluated by removing the factor.

Tor example, the fraction of Ex. 1 may be written in the form

1=2,y + 2 + a2
1-2

Since the two members of the equality are identically equal, their
limits are equal.
Consequently,
li 1— g8
im -
PEERS

=lim (1+2+22)=3.
x=1

EXERCISES

Evaluate each of the following indeterminate forms.
222—b5x+6 zr —1

P dz43 when z = 3. 3. w1 when 2 =1,
2. _2’{3_::.!5, when 2 = 1. 4 Qﬂ%":ﬁl, when h = 0.
xt— 32+ &

163, Other Indeterminate Forms. There are various other
indeterminate forms which in many cases may be reduced to
the standard form 0/0.

Exampre 1. The expression

z 2

x — 1 -1
takes the indeterminate form o — oo when z =1. But when the indi-
cated subtraction is performed, it takes the indeterminate form 0/0, and
is easily evaluated.

Exampre 2. The expression (2 — 3)/(3 x — 2) satisfies the identity

. 1
22 -8 _3z—2
3z—2 1
2x—38
When # approachés infinity, the first expression takes the indoterminate
form o fw , while the gecond takes the indeterminate form 0/0.

v
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EXERCISES

1. Evaluate each of the following indeterminate forms.

4 2 -
@) —————"— whenz =1,
(@ 2—1 z—1
(b) g.;;.:——i% %, when x increases without limit.

[Hixr., Divide numerator and denominator by x2.]

2. Prove that when z becomes infinite the quotient

QL™ + ™ + o 4 A
box® + byl 4 oo 4 b,

of two rational integral functions approaches the limit 0, or ao/bo, or be-
comes infinite, according as m <n, m =mn, or m > n.

8. Prove that for sufficiently large negative values of x, the graph of
ag® + et + oo 4 @, (a, > 0), will be found above the x-axis when n
is even and below the r-axis when 2 is odd, and for sufficiently large posi-
tive values, it will be found above the r-axis, » even or n odd.

164. The Derivative of a Power Function. Let f{z) be any
function of . The limit

1) “mf("" -+ h) f(w)
=0

is called the derivative of f(x) and is usually denoted by £'(zx).
The derivative of a power function ca” (§ 53) is easily found
by the preceding methods. TFor the power function the deriva-

tive is
hm c(a:_-tlz) —ea” =c lun (_—-—)n_m

The expression on the right is precisely the indeterminate
form of Ex. 4, p. 228. To evaluate it when » is a positive inte-
ger, note that, by (6), § 17,

(= + e —ar =[x+ h -] [(@+ Ryt o(@ + h)‘n'i + o 4 2v 1]
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The first factor on the right is 4 so that the derivative of ca”

reduces to
l}g [(x4 )1 4 2(x + B)*2 4 - + 2],

In the limit each one of the n terms within the bracket reduces
to 2! and consequently the derivative of ca® is

(12) nex™1,

A slight modification of the reasoning leads to a result having
exactly the same form when 2 is not a positive integer.

Hence the rule for finding the derivative of the power func-
tion is as follows. Diminish the exponent of x by 1 and wmultiply
the result by the original exponent.

166. The Derivative of a Polynomial. Let us consider the
polynomial
S (@) = a@" + a@ + a2+ - + @,

According to the definition, the derivative is

S(@) = lim % + 2"+ a(@ + )"t + - + a,— (a@" + - +a,)
hed h

The limit on the right reduces directly to the sum

lim a(x + b))~ — aqyan? +

ao(® + h)" — agx"
A0 h

+ lim
h=0

+ lim an*l(w + h) - a,,,_1$.
r=0 h

This sum is precisely the sum of the derivatives of the power
functions
a”, a2, a2 e 4, .

The derivative of the polynomial is therefore

(13) I'(2x) = naoa;”"l +n— l)alw’"g ot a™1.
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EXERCISES
1. Find the derivative of the function
J@) =2at— 523+ 3>+ 4246,

Sorurron, By what precedes the derivative is the sum of the deriva~

tives of the power functions 2 4, — 5 «?, 322, 4. By § 1564 this sum is
S(x)=82—16a2 4+ 62 + 4.

Find the derivatives of each of the following functions.

2. 6x3 —Tux®4 14, ! 4. " — qn.

3. 8xt— 1622+ 14 2. 6. x* + ar.

166. Geometric Interpretation of the Derivative. Slope
of a Curve. Let f(x) be a polynomial, whieh, for definiteness,
may be assumed to be of degree 3. Its graph will, therefore,
be similar to the curve

in Fig. 39. by
Let P and @ be two 0
points on the curve rlaud )\ /(0
whose abscissas are QM rfhlp
=a and ON=da 4 L.
The ordinates are f(a) 7o/ 7[5 N X
and f(a+ 1) respee- /] //

tively. Draw the chord
P@Q and the line PR
parallel to the z-axis meeting the ordinate NQ in E. Then
RBQ/PR is the slope of the chord (§ 49). But RQ=NQ—-NR
=NQ—MP = f(a + h)— f(a) and PL = MN=h. Therefore
the slope of the chord is '

(14) Sla+h)—f(a).

13

Fia. 30,

If the point @ move along the curve toward P, the point R
‘will approach P and k' will approach zero. The limiting posi-
tion of the chord will be the tangent line at P and the slope
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of the chord becomes the slope of the tangent. The slope of
the tangent is therefore given by the formula
(15) Slope = lim 2@ XM =1 (@) _ o1,
I=0 /3

The slope of a curve at a point is defined as the slope of the
tangent at the point. Therefore the geometric interpretation of
the derivative of f(x) at a point = a is that it is the slope of the
curve y = f(x) at the point whose abscissa is a.

EXERCISES )
1. Draw a line having the same slope as the curve whose equation is
y = 22 — bz + 6 has at the point for which z = 3.

2. Find the points at which the tangent to the curve y=x3—T722+6-14
is parallel to the z-axis,

167. Maxima and Minima. In § 52 the maximum value
of a function was defined as a value larger than any other
value determined by nearby values of the independent variable.
In symbols, f(a) is a maximum if for values of % sufficiently
small, f(a — k) and f(a + &) are both less than f(a).

57 nNDce

RS (NSNS SRS SO’ RN

Fia. 40.

The definition of a minimum differs only in the substitution
of the phrase less than for the phrase larger than.

In the adjoining figure (Fig. 40) the ordinate at the point
A represents a maximum, and the ordfnate at the point B &
minimum, value of the function.
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Clearly, at either a maximum or a minimum point the
slope is zero. But the slope is given by f'(x). Therefore
the maximum and minimum values of f(x) correspond to the
values of # which satisfy the equation

(16) Si(x)=0.
The values of 2 corresponding to a maximum or a minimum
may be found if the equation (16) can be solved.

ExampLE. Let

S(@) =a® - 922 4+ 282 — 15.
Then

S(x)=3x*— 18x 4 23.
The roots of f/(x)=0 are found to be, approximately, z =1.85 and
2z =4.15. When these values are substituted for x in f(x), the maximum
and minimum values of the function are found to be approximately
S(1.85)= 3.1 and f(4.16) =—3.1.

Brief consideration of the function shows that the first is a maxiinum
and the second is a minimumn, for the graph crosses the y-axis at y = — 15.
Y

£

P

Fia. 41.

l

The condition f’(x) = 0 is necessary, but not sufficient, to
insure a maximum or a minimum. A glance at Fig. 41 will
show that a curve may have a point like the point 4 for which

the slope is zero but the point is, nevertheless, neither a maxi-
mum nor a minimum.
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EXERCISES

1. Find the maximum and minimum values of each of the following
functions.

(a) 2®— 622+ 92 —1. (c) 223 — 1522 + 362 — 14.

) =t —15. (d) =% —16.

[Hixr. The function 2% — 16 has neither a maximum nor a minimuin,
Verify the statement. ]

2. What is the capacity of the largest box that can be made from a
piece of pasteboard 24 by 36 inches by cutting a square from each
corner ?

8. Show that if an equation f(x)=0 has a real double root it is
geometrically evident that this root satisfies the two equations f(z)=0
and f/(x)= 0.

4. Find the rectangle of maximum area which may be inscribed in a
semicircle with radius r.



CHAPTER XVIII

INFINITE SERIES

168. Series with Constant Terms. If

(1) Uty Uy Ugy ooy Uy o
be an infinite sequence, the ¢xpression
(2) U+ Up + Uy e U,

is called an infinite series. The term w, is called the general
term, or the fype term. Frvom the type term alone the series
may be constructed. For example, if in the geometric pro-

gression

1 1
z+4+3+ +

the number » be allowed to increase without bound, we obtain
the infinite serics

1,11
stitgt- + + -

which has for its terms the terms of the infinite sequence
11 1 1

E: Z: g, "% :2';’
The terms correspond respectively to the values, n=1, 2, 3,
4, o
Again, when the binomial expansion for (1.01)!/4 is found, the
result is the infinite series
1 4-.0025 — .000009375 + 000000054684 5—,

* For this series the general term is found by ﬁndmg the nth

term of the binomial expansion.
235
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In the case of the geometric series, it is possible to find the
expression for the sum of n terms and by means of this sum to
find the limit (if it exists) of the sum as n increases. In the
general case it is not possible to find the sum of n terms, much
less the limit of the sum. We are concerned mainly with the
question of the existence of a limit for the sum of n terms as
increases.

Let
®3) 8, = + Uyt Uz} o U,
or more briefly,
@ =2,

where the sign 3 denotes the sum of such terms as the sample
term that follows it. When the terms of the series are con-
stant, s, is a variable which depends for its value upon =
alone. If, now, n be increased indefinitely, one of the three
following cases will necessarily occur.
(1) The sum s, may approach a finite number as a limit, as in
the case of the series
1,11
5 += 1 += 3 + 16 + - + +
(2) The sum may increase beyond all bounds, as in the case
of the series
1,11

Lhgtgty+ + o

(3) The sum may take one of several values depending upon
the form of n, as in the series

141—-1—-14141-1—-14.,

-whose sum is 1, 2, or 0, according as n has the form4r+1,*
4r+2,0r4.
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In the first case the series is said to be convergent, in the
second, divergent; in the third, oscillating. It is simpler to
put divergent and oscillating series into a single class and call
both of them divergent.

A series is convergent if a finite limit exists for s, as . ‘n-
creases; otherwise, it is divergent.

If lim s, = S, 8 is called the sum * of the series, and it is cus-

tomary to write
) S=1u + up +us + -~
169. Criterion for Convergence. The sums

(6) Sy 89 Sy ey Sy o

of 1,2, 3, .« n - terms, form a sequence. The eriterion for
convergence of a series with real terms is therefore identical
with the criterion for convergence of a sequence. When the
General Principle of Convergence (§ 148) is applied to the se-

quence of sums
Sy Sy Sy Sy vy Sy v

it takes the following form.

The necessary and sufficient condition for the convergence of a
series is, that corresponding to any given positive number € a
walue for n may be found, such that all of the absolute values,

M |81 — 8l [Se2— S0y [Sa— Sl v [Swp— 8l o
are less than e

This criterion may be expressed more briefly by writing
8) |84 — s,|<e
for every positive integral value of p.

A still different form is
9 [tpsr + Ungz + Upis + = + Uiyl < €
for every positive integral value of p.

* The student should note that this use of the word “sum” is wholly
* different from that implied in the early chapters of this book. Here *sum ”
means the limit of a sequence of sums.
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The form (8) is equivalent to the equation
(10) li:E lu'n-fl + un+2 + un+3 + b + un+p| = 0

for every value of p. The condition given in any one of the
forms (7), (8), (9), or (10) is known as Cawchy’s criterion for
convergence.

From Cauchy’s criterion it is at once apparent that the terms
of a convergent series must approach zero as n inereases. For,
when p =1, equation (10) becomes

limu,,, =0.
N=wW

This condition is not suflicient as a single example will show.
Thus the series

1+2+3+4+-.

has the general term 1/n. Consequently,

1
hm Upyp = liM —— =0,
mH T en + 1

But the series is not convergent. For, the sums obtained by taking the
third and fourth terms, the fifth to the eighth term, inclusive, the ninth
to the sixteenth, and so on, are all greater than 1/2. In this way it is
possible to group the terms in such manner that an unlimited number of
groups of terms are obtained, each group having the sum of its termns
greater than 1/2. IHence, the series is divergent.

Only the most limited use can be made of divergent series.
Consequently discussions relating to series have to do princi-
pally with convergent series, and with tests for convergence.
Two of the most important tests are given below.

160. The Comparison Test. If from and after a given term
of a series with constant terms, every term bears a finite ratio to
the corresponding terms of @ comparison series known to be con-
vergent, the series is convergent ; if every term bears a finite ratio
to the terms of a comparison series known to be divergent, the
series 18 divergent.
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PROOF FOR CONVERGENT SERIES. Let

Uy + Ug 4 Uz 4 o
be a series to be tested, and
L4+ttt 4 oo

a series known to be convergent. Let U, and T, respectively,
be the sums of n terms of the two series. By hypothesis

Uy = kltl, Uy = kgtz, Uz = kats, oo
Let @ be a finite number greater than the greatest k. Then
u < Gy, u <@y, uz < Gy, -
Consequently,

Sntp = 8 = Unnn + %0 + Upy3 + oo 4 Upsp
< G(tul-l + tn+2 + tn+3 R o tn+p)'
Bat by hypothesis n can be found such that the absolute value

‘tn+1 + tn+2 + tn+3 + b + tn+p|

will be less than any assigned positive number, §, then less
than 8/Q.
For such a value of n,

|8u+p_ snl <3

Hence the series is convergent.
PROOF FOR DIVERGENT SERIES. Suppose the series

h+t+t+ -

is divergent, and let g be a positive number smaller than the
smallest k. Then

Uy > gty Uy > gty e,
and

U >g(ti+ta 4 +1,);

U, >9gT.

or,
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But T, increases without limit. Therefore U, increases with-
out limit and the series
Uy + Up + Uy + o
is divergent.
CororLrLaArY. If
Eti=t] +t2+t3+"'

be a convergent series with positive terms, and

Su; =y + g+ Uz oo

be a series such that u, < t,, for every value of i, then Su; is con-
vergent ; if, on the other hand, the series 3t; is divergent and
u, > t,, then the series Su; is divergent.

The corollary is merely a restatement of the theorem for the
cases, first where every k is less than 1, and second where
every k is greater than 1.

161. Some Comparison Series. For the comparison test it
is necessary to have at hand a number of series whose character
is known. The following are some of the commoner series
used for this purpose:

1. Any geometric series

11 ar 4+ ar? 4 ar® 4 ...

is convergent when r is less than 1, and divergent when r < 1.
For, the sum of n terms is, by (6), § 128,

(12) S r—1

This sum has a limit a/(1 — 7) for r < 1, but no limit for r > 1.
2. The series

1
(3) Tt aitaet ot Fd

i8 convergent for k > 1 and divergent for k <1
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The terms may be grouped as follows:

1,1 1.1 1,1,1.1

S T T '37=+4~]+[51+67=+%7=+"87= +
’ . 1 1
+l_(2n + 1)1; + (21- + 2)k+ + (‘)n-ll) ]+

Every one of the 27 terms which go to make up the general
terms of the series with the new grouping of the terms is less
than 1/27, Consequently, the general term of the regrouped
series is less than 2(1/2%), that is, less than 1/2%1, The
terms of the series in the new formn are, after the second term,
less than the correqponding terms of the series

(15) S g et gt A

1k k-1 zm—l) On(k-1)

R

After the sccond term the serics (15) is a geometric series with
ratio 1/2*',  This ratio is less than 1 for £ > 1. Therefore
the series (14), or what is the same thing, the series (13), is
convergent for & > 1.
On the other hand, each of the 27 terms which make up the
general term of the regrouped series is equal to or greater than
1

Qn-Dk
and the general term is therefore greater than
1 1 1

n
2 '2(n+l)k’ 2Ia On(k—1)

Each term of the regrouped series is, after the second term,
greater than the terms of the series

1.1 1 1
(16) + o* + oF " k1 + 55 gr” 22(/:—1) Py T 9% " Du(ED Ao

After the second term the series (16) is a geometric sevies with
Jatio 1/2%1  The ratio is equal to or greater than 1 when

%k < 1. The series (13) is therefore divergent when & < 1.
R
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EXERCISES
1. Determine the character of the series
1 ,1,1 1
1 =~ —dve b eeem s
ETRETRETRAN T
Sorution. If the first two terms of the series be set aside, the terms

of the new series will all be less than the corresponding terms of the con-
vergent geometric series

1
1 +§+2'1~z:" +%+
because the general term 1/a! is less than the general term 1/2%. The
series is therefore convergent.
2. Determine the character of the series
1,2, 22 28
tetgtg+t
Sorurron. The general term is 27~1/n which is greater than the
general term of the divergent series

1,1,1 1
'1'+-2-+3+' +Z+ .

The series is therefore divergent.
8. Determine the character of the following series.
4 5 6

3
@ et taamtisa T

®1+2+L 4

vZ V3
. 1 1 1 1
© ya+agtzatast

162. D’Alembert’s Test-ratio Test. The fest-ratio of a
series u; 4 4, 4 u3 4 --- 18 the ratio of the general term to the
term preceding it. It may be written u,/u,_;, or what amounts
to the same thing, u,,.,/u,.

TraEOREM. If in a series

S =up+ U+ ug + ooy
with real positive terms, lim (w,.1/u,) = ¢ is less than 1, the series
i3 convergent; if t > 1,”?;;e series i3 divergent. If t=1, the,
character of the series is not determined by this test.
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PROOF FOR CONVERGENT SERIES.
Let & be a number lying between ¢ and 1 (Fig. 42). If ¢ =
lil (w,,;/u,) is less than 1, there will be a value m of n such

that u,,.,/, and all subsequent ratios will be less than %, that is

[P

P

1
o
Fia. 42.
Qa7 Uppr < Kty Upio < KUpyry Uy < Hitlpyyay oo
When u,,,,, w,,2, U,.3, - are eliminated from the second, third,
fourth, -, inequalities, the set (17) may be written in the form
a1s) Uit < Kty Worg < K,y Upys < KPu,, y oo

The inequalities (18) state that beginning with the (m + 1)st
term the terms of the series Su, are less than the correspend-
ing terms of the geometric series
19) ku,, + k*w,, + K3u,, + .
When % <1 the series (19) is convergent, and consequently
the series S, is convergent.

PROOF FOR DIVERGENT SERTEs. By a process of reasoning
similar to that used in the first part of the proof it may be
shown that when ¢ >k > 1,

U1 > Kty Mo > Ky, Upyg > Klpye, o
and further, that
Uppy > Kty Wppo > K, U3 >Eu, o
It follows that from the mth term onward, the terms of the
series Ju, are greater than the terms of the divergent geo-
metric series
ku,, 4 Ku,, + I, + .
Hence the series is divergent.

* When ¢ = 1 the test fails, since ¢ = 1 for some convergent and
for some divergent series. For example, the series
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1,1, 1
—i;+§§+§é+"‘;

for which ¢ =1, is convergent, while the series
1,11
i + E + 73 + oy

for which ¢ =1, is divergent. (See § 161.)

EXERCISES
Determine the character of the following series.

1 1 1 1 1 1
"T2 2Tzt wt
1 3 1 32 1 38
Y1z eitrs eTia

1
4 e

8. .__1_..|. 1_. +_..1__+.... 4.

o v
—

to & foo0: T T000r T 1000

®
=
—

163. Series with Negative, or with Imaginary Terms. A

series
Uy 4 Ug 4 Uz 4 ooe

composed of positive and negative terms, or of complex terms,
is said to be absolutely convergent, if the series

(20) Jua] + ] + | ug] + -,

formed of the absolute values of the terms of the original
series, is convergent. Tf the original series is convergent but
the series of absolute terms is divergent, the original series is
said to be semi-convergent.

ExampLe 1. The series
1,1 1
1—2422
zta178

is absolutely convergent since the series of absolute values

1
T

1,1,1,1
1+§+4+§+TE+
is convergent.
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ExaymprLe 2. The series
1.1 1
lew s = oee
"Te73 it
is semi-convergent since the series of absolute values
1,11
Tdod it e
+2+3+4+
is divergent.
Exampre 3. The series

1 1 1
1 - .o
terntETam T Era T

is absolutely convergent since the series of absolute values is the conver-
gent geometric series

1,11
1 g oo o,
tet gt
164. Power Series. A scries whose terms are power fune-
tions with increasing exponents is calledl a power series.
Such a series has the form

(21) @y + G 4 A - eer 4 @, 2™ | oee
A power series may be convergent for some values of 2 and
divergent for others.

The test-ratio test is the most useful means for determining
the values of @ for which the series is convergent or divergent.
For example, one of the simplest power series is the series

14422243084 .o
The general term is na* and the test-ratio is (n 4 1)am1/(nam),

which reduces to (» 4+ 1)a/n. The limit of the test-ratio is
therefore .  Consequently, the series is convergent for

r1 )0 |+
! i |

Fia. 43.

|#| < 1. Theinequality |« |<1 is satisfied for every value of
which lies between + 1and — 1, Fig. 43; or, as it is usually
expressed, for values of x such that —~1 <z < 4 1.
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The test-ratio for the general power series is a,,,2/a,. In
order that the series may be convergent, it is necessary that

¢ =lim| 2018 < 1,
n=x0 a”
or that
u+1

The last inequality may be written in the form

(22) —lim

n=cx

<m<11m|a
n+1

an+l
If lixg (@,41/a,)= 0, the series is convergent for every finite

value”c;f x.

EXERCISES

Find the range of values of « for which the following power series are
convergent.

1. 14224 222 4 283 4 ...

2. mx+m(;n—z2)w+m(m-—2)(m—4)x,+m.

1-2-3
3. 1+%+li-22_+1_%-_?;+""
. I"I?I?EJ“TTJJ'%—.Z""'
s “_1.28.3*'1 .2.9:6:.4.5—""
6. 1+1x2+__.§xa+ '3'2xo+....
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166. The Binomial Series. The mth power of a binomial
may be written in the form

@3) (@a+2)"= a"‘(l + g)m.
By § 118 the second factor may be expanded in the form

(24) (1+5) =1+m% +m<fln;l)( ) + o

mon —1) e (m-n——Z)/w w1 ..
R TY Py Yovrrrg \a) M

The limit of the ratio of the (n + 1)st term to the nth is
(25)

mn—)(n =0 1) (o)

lim 1.2.83..m

N=00

m(m —1) - (m—n—2) /v - n  a a
1.2.3(n—1) a)

In order that the series may be convergent, the absolute value
of this limit wust be less than 1, that is

26 z
(26) B
if o is positive. It can be proved that the series (24) repre-

sents the expansion of (1 + x/u)" when, and enly when, the
condition (26) is satisfied.

or —a<x<a,

166. The Exponential Series. In § 136 the expression
lim (1 4+ ®/n)" occurred, and it was there denoted by e=. It cain

be proven rigorously that
= 2\ 142 B

+timsea T -

ft is easily shown that this power series is convergent for all
values of 2. (See Ex. 3, § 164.)
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167. The Logarithmic Series. The computation of loga-
rithms depends directly, or indirectly, upon the series
28) loge (1 + @)= — %7 4 0y oo
This power series converges (Ex. 7, § 164) for values of x such
that

—l<z< +1

The series (28) converges slowly, that is, it requires many
terms to give a good approximation to the value of log (1 + ).
A series which, for small values of , converges more rapidly
may be obtained by subtracting from (28) the series

@t B at
(29) log,(l—w):—-.r—-2—5_1_...,q
which is obtained from (28) by changing the sign of . The
new series thus obtained is

(80) log,1+w=2[a;+”?+‘f.5+...].

1—= 35
If, for example, x =1/10, three terms of the series (30) will
give the Nnpierian logarithm of 11/9 to the sixth decimal
place. We find :
log,11/9 = 0.200671.

To find the common logarithm of 11/9, the result just ob-
tained must be multiplied by the modutus for reducing Napicr-
ian to common logarithms. This modulus is, to the sixth
decimal place,

(31) . M = 0.434294.
It follows that  logy (11/9)= 0.087149.

168, Series as a Means of Computation. One of the most
important uses to which series are put is that of finding the
approximate numerical values of functions whose values other-
wise can be found only with great difficulty, or perhaps not at
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all. A few examples will make the matter clear. The use of

series in the computation of logarithms was shown in § 167.
Among the most important functions in elementary mathe-

matics are the sine and cosine of an angle. If the angle 2 be

measured in radians, the sine of  is given by the power series

s ¥ b A

(32) Slnw——m——ﬁ+5—!-—7{—!+-w.

The sine of one radian, which is approximately 57°.29578, is

given by the series

: 1,1 1
sinl=1 —-3—!+B~i—;z-—!+...,
Four terms give
sin1 = .8415,

a result that is correct as far as it goes, since further terms
would not affect the fourth decimal.

To find sin .1 to the fourth decimal place only two terms of
the series would be required.

Another series of very great importance in both pure and
applied mathematics is the power series which represents the
exponential function. This series is

z , 2 o
e’=1+i—!+§-i+5—!+"'-
Consequently
1,11
(33) e’=1+ﬁ+;z—!+:—3—!+m.

Ten terms of the series (33) give to the nearest ten-millionth,
e = 2.7182818.

This result is correct to the seventh decimal place.
. Roots of e, such as Ve = ¢® and Ve = ¢, may be computed
even more rapidly.
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EXERCISES

1. Find approximate numerical values for each of the following func-
tions'given by power series.

(@) cosz=1— i'z—lz + T—;—J—z — .. when 2 = 1 radian or 57°.20578. '

- 5, (B2, (6)®
=ebf=14= ves,
®) Ve=e *itietrest

(¢) Ve=er

2. Compute the value of (1 4 .06)1/12 to the fourth decimal place.

8. Extract the seventh root of 1.02 by the binomial series.

4. Extract the seventh root of .99 by the binomial series.

5. By means of the series (30) of § 167, and the modulus, M=0.434294,
find the Napierian and the common logarithms of §.

6. Find the Napierian and the common iogarithms of 3.

7. In trigonometry it is shown that
L4 1 1
- = =~ 4 tan—l= 4 tan—1=
g gt g g
and that
3 ab 7
tan-lx = — L 4+ T 4 ...,
Dl = — + o +

From these data find the value of x to four decimal places.
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GERTAIN CONVENIENT VALUER FOR n=1 TO n=10
n 1/n va n! 1/n! LoGon
1 1.000000 | 1.00000 | 1.00000 1 | 1.0000000 | 0.000000000
2 | 0500000 1.41421 1.25992 2 | 6.5000000 | 0.301029996
3 | 0.333333 1.73205 1.44225 6 | 06.1666667 0.477121255
4 | 04250000 | 2.00000 | 1.58740 21 | 0:0416667 0.602059991
5 | 0.200000 2.23607 1.70098 120 | 0.0083333 0 698970004
6 | 0.166667 | 2.44949 1.81712 720 | 0.0013889 | 0.778151250
7 | 0.142857 2.64575 1.91203 5040 | 0.0001984 | 0.845098040
8 | 0.125000- | 2.82843 2.00000 40320 | 0.0000248 0.903089987
9 | o.111111 3.00000 | 2.08008 362880 | 0.0000028 | 0.954242509
10 | 0.100000 3.16228 2.15443 | 3628800 | 0.0000003 1.000008000
LOGARITHMS oF IMPORTANT CONSTANTS
7 == NUMBER VALUE OF n LoGo n
T 3.14159266 0.49714987
1l+n 0.31830989 9.50285013
w2 9.86960440 '0.99429975
VT 1.77245385 0.24857494
e = Napierian Base 2.71828183 0.43429448
M=logoe 0.43420448 9.63778431
1+ M = log. 10 2.30258509 0.36221569
180 -+ 7 = dogrees in 1 radian 6729577956 1.75812262
w -+ 180 = radians in 1° 0.01745329 8.24187738
w -+ 10800 = radians in 1’ 0.0002908882 6.46372613
a - 648000 = radians in 1" 0.000004848136811095 4.685567487
sin 17 0.000004848136811076 4.68587487
tan 1" 0.000004848136811152 4.68557487
centimeters in 1 ft. 30.480 1.4840158
feet in 1 em. 0.032808 8.5150842
inches in 1 m. 39.37 (exact legal value) 1.5951654
pounds in 1 kg, 2.20462 0.3433340
kilograms in 1 1b. 0.453593 / 2.5076566()(3 0
32.16 ft./sec./sec. .
9 (average value) = 981 em./sec./sec. 2.9916690
weight of 1 eu. ft. of water 62.425 1b. (max. density) 1.7953586
weight of 1 cu. £§. of air 0.0807 1b. (at 32° F.) 8.907
cu. in. in 1 (U. 8.) gallon 231 (exact legal value) 2.3636120
ft. Ib. per sec. in 1 H. P, 550. (exact legal valus) 2.7403627
kg. m. per sec.in 1 H. P. 76.0404 1.8810445
watts in 1 H. P. 745.957 2.8727135
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Table D — Compound Interest Table

AMOUNT oF ONE DoLLAr PriNciPAL WITH COMPOUND INTEREST AT VARIOUS RATE

Yeans [ 20% | 3% |33% | 4% |44% | 5% |63% | 6% |61% | 7% | 8%
1 Sl 025($1.030{$1.035/$1.040]$1.045!$1.050:$1.055/$1.060/$1.065,$1.070{$1.080
2 1.051] 1.061| 1.071] 1082 1.092 1.103| 1.113{ 1.124| 1.134| 1.145| 1.166
8 1.077| 1.093| 1.100{ 1,125{ 1.141} 1.158! 1.174| 1.191] 1.208] 1.225| 1.260|
4 | 1.104] 1.126] 1.148| 1.170| 1.193| 1.216| 1.239 1.262| 1.286| 1.311| 1.360
6 | 1.131] 1.150] 1.188] 1.217| 1.246| 1.276| 1.307| 1.338| 1.370| 1.403| 1.469|
[ 1.160] 1.194] 1.229| 1.265| 1.302| 1.340| 1.879} 1.419] 1.459] 1.501| 1.587
7 1.189] 1.230 1.272{ 1.316| 1.361} 1.407| 1.4565] 1.504| 1.554| 1.606| 1.714
8 1.218| 1.267] 1.317| 1.369| 1.422| 1.477| 1.535| 1.594] 1.655| 1.718| 1.851
9 1.249{ 1.305| 1.363| 1.423| 1.486| 1.551| 1.619] 1.689! 1.763| 1.838| 1.999
10 1.280| 1.344] 1.411{ 1.480| 1.553| 1.629| 1.708| 1.791| 1.877| 1.967| 2.159
11 1.312{ 1.384| 1.460| 1.539] 1.623| 1.710; 1.802] 1.898; 1.999| 2.105| 2.332
12 1.345] 1.426! 1.511] 1.601] 1.696| 1.796] 1.901| 2.012| 2.129| 2.252| 2.518
18 | 1.379] 1.469| 1.564| 1.665| 1.772| 1.886| 2.006| 2.133| 2.267| 2.410! 2.720
14 1.413] 1.513] 1.619{ 1.732| 1.852] 1.080| 2.116{ 2.261| 2.415 2.579| 2.937|
16 1.448] 1.558| 1.675| 1.801] 1.935| 2.079| 2.232| 2.397| 2.572| 2.759| 3.172
16 1.485] 1.605 1.734| 1.873| 2.022{ 2.183| 2.355|'2.540] 2.739| 2.952| 3.426

-+ 17 1.5221 1.653| 1.795] 1.948! 2.113] 2.202| 2.485| 2.693| 2.917| 3.159| 3.700
18 | 1.560( 1.702| 1.857| 2.026{ 2.208] 2.407| 2.621| 2.854| 3.107| 3.380| 3.996)

L 19 | 1,599 1.754| 1,923 2.107| 2.308| 2.527| 2.766| 3.026/ 3.309| 3.617| 4.316|
20 1.639] 1.806| 1.990| 2.191| 2.412| 2.653| 2.918] 3.207| 3.524| 3.870| 4.661
21 | 1.680| 1.860 2.059| 2.279| 2.520| 2.786 3.078| 3.400| 3.753| 4.141| 5.034
22 1.722] 1.916| 2.132| 2.370| 2.634| 2.925| 3.248| 3.604| 3.997| 4.430; 5.437
28 | 1.765| 1.974| 2.206| 2.405| 2.752| 3.072| 3.426| 3.820| 4.256| 4.741| 5.871
24 | 1.809| 2.033 2.283| 2.563| 2.876| 3.225| 3.615| 4.049| 4.533| 5.072| 6.341
25 1.854| 2.094] 2.363| 2.666| 3.005| 3.386] 3.813| 4.292| 4.828| 5.427| 6.848
26 | 1.900| 2.157| 2.446| 2.772| 3.141| 3.556| 4.023| 4.549| 5.142| 5.807| 7.396|
27 1.948| 2.221| 2.532| 2.883| 3.282| 3.733| 4.244| 4.822! 5.476| 6.214| 7.988
28 | 1.096| 2.288| 2.620 2.999| 3.430| 3.920 4.478| 5.112 5.832| 6.649| 8.627
29 | 2.016] 2.357| 2.712| 3.119] 3.584| 4.116| 4.724| 5.418] 6.211] 7.114| 9.317
30 2.008| 2.427| 2.807| 3.243] 3.745| 4.322| 4.984] 5.743| 6.614| 7.612/10. 063
81 2.150{ 2.500] 2.905| 3.373| 3.914| 4.538| 5.258| 6.088| 7.044| 8.145 10.868
32 2.204| 2.575) 3.007| 3.508| 4.090| 4.765] 5.547| 6.453| 7.502] 8.715{11.737
83 | 2.259] 2.652| 3.112| 3.648] 4.274| 5.003| 5.852| 6.841| 7.990| 9.325/12.676
84 2.315| 2.732] 3.221| 3.794| 4.466] 5.253| 6.174| 7.251| 8.509| 9.978/13.690
35 2.373| 2.814; 3.334| 3.946] 4.667| 5.516| 6.514| 7.686| 9.062|10.677(14.785|
36 2.433| 2.898| 3.450| 4.104! 4.877| 5.792| 6.872| 8.147| 9.651|11.424{15.968
37 2.403] 2.985| 3.571; 4.268! 5.097| 6.081] 7.250| 8.636{10.279)12.224|17.246
38 | 2.556| 3.075 3.696 4.430 5.326| 6.385| 7.649| 9.154/10.947/13.079|18.625,
39 2.620) 3.167| 3.825| 4.616| 5.566| 6.705| 8.069] 9.704/11.658|13.995|20.115
40 2.685| 3.262| 3.959| 4.801| 5.816| 7.040| 8.513/10.286|12.416{14.974|21.725
41 2.752| 3.360| 4.098| 4.993| 6.078| 7.392| 8.982(10.903(13.223{16.023|23.462
43 | 2.821| 3.461| 4.241| 5.193] 6.352| 7.762| 9.476/11.557|14.083(17.144|25.339
43 2.802! 3.565| 4.390| 5.400] 6.637| 8.150| 9.997(12.250|14.998|18.344|27.367
44 2.9 3.671| 4.543| 5.617] 6.936| 8.557/10.546/12.985(15.973|19.628/29.55¢
45 | 3.038] 3.782 4.702| 5.841) 7.248| 8.985/11.127|13.765/17.011(21.002(31.92C
46 | 3.114| 3.895| 4.867| 6.075| 7.574| 9.434(11.730(14.590(18.117|22.473|34.474
47 | 3.192] 4.012] 5.037| 6.318 7.915| 9.906|12.384|15.466/19.2904|24.046|37.232
48 | 3.271] 4.132| 5.214] 6.571| 8.271|10.401|13.065/16.394|20.549|25.72940.211
49 3.353| 4.256| 5.396| 6.833| 8.644(10.921(13.784/17.378|21.884|27.530|43.427:
B0 | 3.437| 4.384| 5.585| 7.107| 9.033|11.467|14.542|18.420,23.307|20.457|46.902




Table E— Compound Discount Table
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PrESENT VALUE oF ONE DoLuAr Dur IN A CerTAIN NUMBER OF YEARS

YEARS

21% | 3% |34% | 4% {44% | 6% |54% | 6% |64% | 7% | 8%
— I—
1 [$.9756/$.9709!3.9662/8.9615/$.9560/8.9524($.0479($.9434/$.9390($.9346/3.9250
2 .9518| .9426| .9335| .9246! .0157| .9070| .8085| .8900( .8817| .8734[ .8573)
3 L0286 91511 .9019( .8890| .5763]| .8638| .8516| 8396/ .8278{ .8163| .7938)
4 906y .8885| .8714| .8548| .8386| .8227| .8072| .7921| .7773| .7629| .7350)
[ ] .8839| .8626| .8420| .8219| .8025) .7835( .7651] .7473| .7299| .7130| .6800
6 .8623| .8375, .8135| .7903| .7679| .7462| .7253| .7050; .6853| .6663| .6302
7 .8413| .8131| .7860| .7599! .7348| .7107| .6874| .6651| .6435| .6227| .5835)
8 .8207| .7804| 7504, .7307] .7032| .6768| .6516] .6274| .6042| .5820] .5403
9 .R007) .7664] .7337| .7026] .6729] .6446| .6176| .5019| .5674| .5439] .5002
10 .7812] .7441) .7089| .6756, .6439] .6139| .5854| .5584| .5327] .5083| .4632]
11 76211 .7224] .6849; .6496, .6162| .5847| .5549| .5268| .5002| .4751] .4289
12 7436 7014} .6618| .6246] .5807| .5568| .5200] 4970, .4607| .4440} .3971
13 72541 6810; .6394) .G006) .5643} .5303| 4986 4688 .4410} .4150| .3677
14 7077} .60611) .6178| .5775| .5400] .5051| 4726 .4423] 4141} .BR78| .3405)
16 .6905| .6119| .5969| .5553| 7167| 4810 4479} .4173| .3888| .3624] .3152|
16 L6736/ .62321 .5767| .5339! 4945 4581 .4246| .3936| .3651( .3387| .2919
17 .6572; .6050 .5572| .5134! 4732 .4363| .4025{ .3714| .3428| .3166] .2703
18 64121 5874|5384 4036, .1628| .4155( 38151 .35038| (3219 .2959( 2502
19 .62565| .5703| .5202| 4746, .4333! .3057| .3616] .3305| .3022| .2765[ .2317
20 6103| .5537| .5026| .4564! .4146| .3769] .3427| .3118| .2838| .2584| .2145
21 .5054) .5375| .4856| .4388! .3068; .3580| 3249 .2042| .2065| .2415] .1987
22 5809 5219 .4692| .4220; .3797) .3118| 3079 .2775| .2502| .2257! .1839
23 .5667) .5067; 4533 4067 .30634) .3256) .2019) .2618| .2349| .2109{ .1703
24 55291 49191 .4380] 3001 3477/ .3101) .2767) .2470| .2206) .1971) .15677
25 .5394) .4776] .4231) .3751) .3327) .2953| .2622{ .2330| .2071] .1843] .1460|
26 .5262| .4637| .4088] .3607| .3184| .2812| .2486| .2198| .1945| .1722( .1352
7 .5134| .4502| .3950] .3468| .3047| .2678| .2356| .2074| .1826| .1609| .1252
28 50091 43711 .3817] 3335 .2916 .2551f .2233] 1956 .1715| .1504| .1159
29 48871 .4243] .3687| 3207 .2790| .2420( .2117{ .1846| .1610{ .1406{ .1073|
30 4767 .4120| .3563| .3083| .2670; .2314| .2 1741] .1512{ .1314 04
31 40511 4000/ .3442) .2965, .2555) .2204| .1902| .1643| .1420] .1228| .0920
32 .4538| 3883 .3320| .2851| .2445| .2099| .1803| .1550( .1333| .1147} .0852]
33 4427| .3770] .3213| .2741| .2340| .1999| .1709| .1462| .1252| .1072} .0789
34 .4319) .3660! .3105| .2636| .2239; .1904| .1620| .1379] .1175] .1002; .0730
35 4214| 3554 .3000{ .2534| .2143| .1813| .1535| .1301] .1103| .0937| .0676
36 [4111) .3450) .2808| .2437| .2050| .1727) .1455| .1227| .1036| .0875) .0626)
87 40111 .3350) .2800( .2343| .1962] .1644; .1379| .1158; .0973] .0818| .0580
38 3013 .3252] .2706| .2253| .1878| .15666| .1307| .1092| .0914| .0765| .05637
39 .3817| .3158| .2614| .2166| .1797) .1491f .1239] .1031} .08568]| .0715| .04907
40 .3724| .3066| .2526| .2083| .1719| .1420! .1175| .0972] .0805| .0668| .0460
41 .3633( .2976| .2440( .2003| .1645| .1353| .1113[ .0917| .0756] .0624; .0426)
42 .3545| .2890( .2358( .1926| .1574( 1288 .1055( .0865| .0710| .0583| .0395|
43 .3458( .2805] .2278| .1852) .1507| .1227| .1 .0816/ .0667| .0545 .0365)
44 3374 2724 .2201] .1781| .1442| .1169| .0948| .0770| .0626; .0509| .0338
45 .3292| .2644| .2127| .1712] .1380| .1113| .0899] .0727| .0588] .0476| .0313
46 3211 .2567| .2055| .1646] .1320| .1060| .0852] .0685| .0582| .0445| .02
47 .3133| .2493| .1985| .1583) .1263| .1010| .0 .0647| .0518| .0416/ .0209
48 .3057] .2420! .1018| .1522] .1209| .0961| .0765| .0610| .0487 .0389| .0249
49 .2082| .2350| .1853| .1463| .1157) .0916| .0726] .0576| .0457 .0363| .0230
50 .2909| .2281} .1791| .1407) .1107| .0872 .0543] .0420| .0339; .0213




258 Table F— American Experience Table of Mortality

Numser | NUMBER NUMBER | NUMBER Numser [NUMBER
Ace | Tivive | Dwisa || A% | Living | Dyiva | %% | Livine | Dymva

@ Iy dg x I dz x Iy dg

10 |100000| 749 || 40 {78106 765 || 70 |38 569 | 2391
11 | 99251 746 || 41 77341 774 | TL |36 1782448
12 | 985051 743 || 42 |76567| 785 || 72 |33 730| 2487
18 | 97762 740 || 43 |75782) 797 || 73 |31243| 2505
14 | 97022] 737 44 |74985) 812 || 74 |28 738 | 2501

16 | 96285| 735 || 46 |74173| 828 || 76 |26 237 | 2476
16 | 95550 | 732 46 | 73345 848 || T6 23761 2431
17 | 94818 | 729 || 47 |72497| 870 || 77 |21 3302369
18 | 94080 727 |l 48 |71627| 896 || 78 |18 9612291
19 | 93362 725 || 49 |70731| 927 | 79 |16670{ 2196

20 | 92637 | 723 50 160804 | 962 || 80 |14474 | 2091
21 | 919014 722 61 [68842| 1001 {| 81 |12383| 1964
22 | 91192 721 52 | 67841 | 1044 || 82 |10419 ]| 1816
23 | 90471 720 63 66797 1091 || 83 | 8603|1648
24 | 807511 719 64 |65706] 1143 || 84 | 69551 1470

26 | 89032 718 66 [064563| 1199 || 86 | 5485|1292
26 | 88314 718 66 |63364| 1269 || 86 | 4103|1114
27 | 87596| 718 67 |62104| 1325 || 87 | 3079| 933
28 | 86878| 718 68 [60779| 1394 || 88 | 2146| TH4
29 | 86160 719 69 [59385| 1468 || 89 | 1402| 555

80 | 85441 720 60 |57917| 1546 || 90 847 | 385
31 | 84721 721 61 | 56371 | 1628 || 91 462 | 246
32 | 84000| 723 || 62 | 54743 | 1713 || 92 216| 137

33 | 83277 | 726 63 | 53030( 1800 | 93 79] 58
34 | 825561 729 64 | 51230 1889 || 94 21 18
35 | 81822 732 656 |49341| 1980 || 96 3 3

36 | 81090 | 737 66 |47 361| 2070
37 | 80353 742 67 | 45291 2158
38 | 79611 749 68 | 43133 | 2243
39 | 78862 | 756 69 | 40890 2321




INDEX

AzgL, 143.

Abscissa, 52,

Absolute term of quadratic equa-
tion, 79.

Absolute value, 127.

Acccleration, 6, 69.

Addition, 2, 9; geometric or veector,

128; of complex numbers, 127;
of radicals, 29.
Algebraic function, 225; limit of,

225.

Algorithm, Fuclidean, 155.

Alloys, 102.

American Experience Table, 217, 258.

Amortization, 200,

Amount, compound, 196, 197; {able
for compound, 256.

Amplitude of complex number, 127.

Annuity, 198; amount of, 198;
present value of, 199.

Antilogarithm, 44.

Approximate value, of radicals, 31;
of real roots, 136.

Arrangements, 159.

Associative Law, 7.

Average, simple, 193 ; weighted, 194.

Axis, of a function, 62; of imaginary
numbers, 126; of real numbers,
126; of variables, 52.

Bacteria, growth of, 204.
Bamrstow, form of BRYAN'S agro-
plane equations, 148.

Base, 22, 26.
Beam, built in,
concrete, 148.

Binomial theorem, 179, 210.

Biquadratic equation, graphic solu-)
tion of, 118; transformation of,
143.

BOcHER, Higher Algebra, 176,

Boiling point of water, 103.

147; reénforced

Boyie's law, 70,

BRrYAN, abroplane equations, 148.
BURNSIDE AND PanTON, Theory of
Equations, 131, 136.

Cavucny, General Principle of Con-
vergence, 222,

Center of gravity, 194,

Jertainty, 213.

Characteristic of logarithm, 40; de-
termination of, 41.

Chemical compounds, 102.

Cirele, equation of, 102, 106.

Coefficient, of radical, 28, 27;
simple term, 14.

Cocfficients, binomial, 181; in terms
of roots, 88, 149; of polynomial,
131; of quadratic equation, 79;
undetermined, 138.

Co-factor, 164.

Cologarithm, 44.

Combination, 2006.

Combinations, formulas for, 209.

Common denominator, reduction to,
4,

Common difference, 185.

Commutative law, 6.

Comparison scries, 240.

Comparison test, 238.

Complex number, 35, 125; amplitude
of, 127; geometric representation,
126 ; modulus of, 127,

Complex numbers, 125-130; con-
jugate, 127; fundamental oper-
ations on, 127.

Compound interest, 185, 196-205;
instantancous, 203 ; table for, 256.

Compound interest law, 202.

of

Computation, by series, 248; of
determinants, 166; with loga-
rithms, 45.

Conditional equality, 12.
Conic section, 106.
Conjugate compfex numbers, 127,
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Conjugate radicals, 30.

Consistency of linear equations, 174.

Coustants, table of important, 255.

Convergence, ahsolute, 244;
CavucHy's criterion for, 222, 238;
comparison test for, 238; General
Principle of, 222, 237 ; of sequence,
222; of series, criterion for, 237;
test-ratio test for, 242.

Cooling, law of, 204.

Cobrdinates, 52,

Coérdinate paper, 54.

Cosine, series for, 249.

CraMmeR’s Rule, 93, 100, 171.

Cube roots, tables for, 32, 254.

Cubic equation, graphic solution of,
117 ; transformation of, 142.

D’ALEMBERT, test-ratio test, 242.

Degree, of a polynomial, 14; of a
rational fraction, 14; of a simple
term, 14.

Denominator, common, 4;
in, 30.

Depreciation, 200.

Depreciation charge, 200.

Depreciation fund, 200.

Derivative, 156; geometric inter-
pretation, 231; of polynomial,
230; of power function, 229.

DgescarTEs, rule of signs, 152.

Determinant, 91, 158; application
to systems of linear equations,
170; computation of, 166; expan-
sion of, 159; general properties
of, 160; of order 2, 91; of order 3,
99; of system of equations, 92,
170; rule of signs for, 159.

Determinants and linear cquations,
158-178.

Dickson, Elementary Theory of Equa-
tions, 131, 136, 177.

Discount, 204; table for compound,
257,

Discriminant of quadratic equation,
85.

Distributive law, 7; generalized, 8.

Division, 2, 3, 9; by zcro, 11; har-
monic, 195; of complex numbers,
127 ; of logarithms, 43 ; of radicals,
29 ; synthetic, 138.

Dvu Bois REymonp, 222,

radicals

INDEX

Elements of determinant, 92.

Eliminant, 172; use of in geometry,
172.

Ellipse, 106; equation of, 108.

Equation, conditional, 12; graphie
solution of biquadratie, 118;
graphic solution of cubie, 117;
graphic solution of quadratic, 116;
of fifth degree, 143; of uniform
motion, 57, 59; quadratic, 79;
quadratic in two variables, 106.

Equations, containing radicals, 89;
having common root, 177 ; systems
linear in x? and %2, 111; systems
of linear, 91-104, 170-176; sys-
tems of lincar homogencous, 172;
systems of non-linear, 105-119;
systems of symmetric, 113; sys-
tems solved by various devices,
115; systems with terms of degree
2 or 0, 114; transformation of,
141.

Fuclidean algorithm, 155.

Existence of a limit, 222.

Expansion, adiabatic, 65; of deter-
minant, 150.

Expectation, mathematical, 218.

Exponential function, 202; serics
for, 247, 249.

Exponential series, 247.

Exponents, 22; fractional, 24; laws
for, 22; negative, 23; zcro, 23.

Factorial, 181.

Factors, rational, 17; prime, 19.

Factor theorem, 132.

Fahrenheit thermometer, 58.

Fine, College Algebra, 1, 177.

Form, indeterminate, 227,

Fractions, 3; geometric representa-
tion, 3; fundamental opcrations
upon, 9.

Function, 49-78; algebraic, 225;
discontinuous, 70; exponential,
203. 247, 249; graph of, 53;
implicit, 78; limiting wvalue of,
223; linear integral, 54; power,
64, 229; quadratic integral, 60;
rational integral, 131; with un-
known coefficients, 101; zeros and
infinities of, 77.












